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Abstract: The D6-brane spectrum of type IIA vacua based on twisted tori T 6 and RR 
background fluxes is analyzed. In particular, we compute the torsion factors of -ff n (T 6 ,Z) 
and describe the effect that they have on D6-brane physics. For instance, the fact that 
i^3(T 6 ,Z) contains 7L^ subgroups explains why RR tadpole conditions are affected by 
geometric fluxes. In addition, the presence of torsional (co)homology shows why some D6- 
brane moduli are lifted, and it suggests how the D-brane discretum appears in type IIA flux 
compactifications. Finally, we give a clear, geometrical understanding of the Freed- Witten 
anomaly in the present type IIA setup, and discuss its consequences for the construction 
of semi-realistic flux vacua. 
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1. Motivation and Summary 

Given a D = 4 TV > 1 type II compactification which admits orientifold planes, a natural 
question to ask is which are the properties of space-filling D-branes in such background. 
More precisely, two basic questions are 

- Which is the spectrum of consistent, BPS D-branes. 

- Which is the moduli space of such D-branes. 

In standard Calabi-Yau compactifications of type IIA string theory, the natural objects 
to consider are space-filling D6-branes, and then the answer is conceptually quite simple. 
Given a choice of closed string moduli, the spectrum of BPS D6-branes is given by the 
elements in H^(Ai,Z) that contain a special Lagrangian 3-cycle II3. The local moduli 
space of such BPS D6-brane is given by a smooth manifold of complex dimension 61(113), 
i.e., the number of harmonic 1-forms in II3 [1,2]. Finally, some moduli may be lifted by 
means of a world-sheet generated superpotential [3]. 

It has already been shown in the literature that the answer to these two basic questions 
changes as soon as we consider type II compactifications with background fluxes. In general, 
some D-brane 'disappear' from the spectrum and some new others appear, and also the 
moduli space of some D-branes may get partially lifted. In the particular case of type IIB 
D = 4 Minkowski vacua with 03-planes and ISD 3- form fluxes, it has been shown that 
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i) D3-branes preserve J\f = 1 supersymmetry, and their moduli space remains un- 
touched. However, their charge is no longer conserved, and can be traded by RR 
flux quanta. That is, the D3-brane charge is not a Z valued quantity, but rather a 
Zjy torsion class in K-theory [4-6]. 

ii) D7-branes remain also in the spectrum, but now their geometrical moduli are lifted 
[7,8]. In fact, there is a discretum of possibilities where each D7-brane can be placed, 
and hence the D7-brane spectrum is 'multiplied' by an integer M, which depends on 
the periods of H3 on M [8] . 

Hi) D9-branes are removed from the spectrum, because they suffer from a Freed- Witten 
anomaly that makes their world volume theory inconsistent [5,9]. 

In principle, one would like to get a similar understanding of such D-brane phenomena 
in type IIA flux compactifications. As already mentioned, the D6-brane case is conceptually 
quite simple in the Calabi-Yau case, so there is a priori no reason to expect a complicated 
answer when we consider more general M = 1 backgrounds. In addition, notice that 
the type IIB D-branes listed above will be typically mapped to D6-branes upon mirror 
symmetry. Hence, if we understand how D6-branes behave in non-Calabi-Yau backgrounds 
we should get a unified description of all the above effects. 

Notice that the above D-brane phenomena are mainly due to the presence of the 
NSNS background flux H3, rather than to its RR companion F3. It has been shown that 
type IIB RR fluxes F3 are transformed by the mirror map into type IIA RR fluxes F2 n , 
which are in turn related to intrinsic torsion classes 1 Wj describing the non-Kahlerness 
of the compactification manifold A4. The transformation of the NSNS background flux 
H3 is, on the other hand, more subtle. It has been argued in [14] that the topological 
information carried by H% on one side of the mirror map, should be transformed into 
torsional cohomology in the other side. That is, the type IIB H3 quanta {A^}, become in 
type IIA factors in the cohomology groups H n (M,Z). If that is true, then we should 
be able to describe the type IIB effects above in terms of D6-branes in manifolds Ai with 
non-trivial torsional cohomology Tor H n (M, Z) C H n (M,Z). 

The purpose of this paper is to argue that this is indeed the case. Rather than con- 
sidering the whole class of type IIA flux vacua, one can instead focus on the particular 
case of SJ7(3)-structure compactifications leading to M = 1 D = 4 Minkowski vacua. The 
reason for restricting to Minkowski flux vacua is twofold. On the one hand, the D-brane 
supersymmetry conditions are well-known in this case [8,15-17], which allows to perform 
a systematic classification of BPS D-branes. On the other hand, one M = 1 condition of 

lr The reader should not be confused by the two meanings of the word torsion. By intrinsic torsion 
we mean the five torsion classes Wi which enter in the description of almost Hermitian manifolds with 
SU(3)-structure, and which show up in the derivatives of the globally defined forms f2 and J [10-13]. By 
torsion we mean the torsion factors Tor H n (M,Z), or Zjv subgroups that appear on the cohomology groups 
H n (Ai, Z). Throughout the rest of the paper we will focus on this second class of objects and, unless stated 
explicitly, the word torsion will be used to refer to them. 
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these Minkowski vacua which also admit D6-branes is that the NSNS flux H3 vanishes [18]. 2 
Hence, a D6-brane in such background cannot experience the effects listed above because 
of the i?3 and, according to mirror symmetry, we would not expect them either from RR 
fluxes. They should come from something else and, as we will try to show in the following, 
this 'something else' is nothing but Tor H n (A4, Z). 

In fact, the results of the following sections show that each of these type IIB phenomena 
can be explained in terms of a D6-brane wrapping a 3-cycle II3 C M, as summarized in 
the following table 



type IIB 


type IIA 


D3-brane is BPS but 
its charge is not conserved 


/ ns Re n = Vol(n 3 ) 
[II 3 ] G Tortf 3 (A4,Z) 


D3-brane moduli are not lifted 


Tor#i(II 3 ,Z) = 


Lifted D7-brane moduli 


Tor#i(II 3 ,Z) ^ 


D7-brane discretum 


Tor#i(II 3 ,Z) + 


D-brane with Freed- Witten anomaly 


II 3 is a non-closed 3-chain 



Table 1: D-brane flux-induced phenomena in terms of torsion groups. On the l.h.s. we consider 
type IIB D-branes and the effects that the NSNS flux produces on them. On the r.h.s. we consider 
the same effects in terms of a mirror D6-brane wrapping a 3-cycle IT3. Here is the globally 
well-defined 3- form on Ai, which will be non-degenerate but not necessarily closed. More details 
and explicit examples are given in the main text. 

Notice that almost all of the D-brane effects that we have discussed can be understood 
in type IIA in terms of two torsion groups, namely Tor H3 (Ai, Z) and Tor i?i(II 3 , Z). This 
is actually not so strange, because Tor .ff 3 (A4, Z) C if 3 (.M,Z) classifies different ways of 
wrapping D6-branes which are not related to the Betti number b^{Ai). On the other hand, 
Tor f/i(n 3 , Z) classifies D6-brane discrete Wilson lines. 

Our main strategy will be to consider type IIA backgrounds which have well-known 
type IIB duals, in order to build a simple dictionary between type IIB and type IIA 
phenomena as in table |l[ The simplest backgrounds of such kind are given by type IIA 
string theory compactified on twisted tori [20,21], on which we shall focus our analysis 
and consider explicit examples. We will then describe the interplay between D-branes 
and fluxes purely from the D6-brane perspective, which allows to extend our discussion 
to general type IIA backgrounds whose type IIB duals are not known. Let us point out 
that, during almost all of this paper, we will be taking the approximation of constant warp 

2 One can indeed consider 5'C/(3)-structure type IIA Minkowski vacua where H3 7^ [11, 12]. However, 
these backgrounds preserve a different supersymmetry that a D6-brane or a 06-plane would do, and so one 
cannot have BPS D6-branes in them [13, 18]. The only possibility to combine D6-branes and H3 7^ in 
Minkowski vacua seems to construct S£/(2)-structure compactifications (see e.g., [19] for explicit solutions), 
but this is a non-generic setup which will not be considered here. 
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factor. Such approximation indeed allows to simplify the analysis and, since after all we 
are looking at topological quantities of A4, we do not expect that the inclusion of the warp 
factor will modify our results. 

A summary of the paper is as follows. In Section |2| we describe some simple examples 
of twisted tori, as well as the procedure for computing their torsion cohomology groups. We 
show that in general these manifolds posses non-trivial torsion subgroups Tor H n (M, Z), 
and that the same is true for some 3-cycles II3 wrapped by D6-branes. We discuss some 
simple consequences of these facts for the spectrum of BPS D6-branes and the RR tadpole 
conditions, and we also detect the manifestation of the Freed- Witten anomaly in the present 
setup. 

In Section || we analyze the moduli space of D6-branes in type IIA flux compacti- 
fications to Minkowski. We argue that, conceptually, such moduli space is identical to 
the Calabi-Yau case: each D6-brane has 61(113) complex moduli. Nevertheless, geometric 
fluxes on twisted tori stabilize open string moduli because they reduce 61(113) by increasing 
Tor #1(113, Z). We also argue that, in the limit where the Scherk-Schwarz reduction is valid, 
the generators of Tor Hi (II3 , Z) correspond to light open string modes of the compactifica- 
tion. We then discuss how the D6-brane discretum arises in this class of compactifications. 
This is partly due to discrete Wilson lines and partly to very similar D6-branes whose posi- 
tions are fixed at different values. Finally, we comment on some possible tension that may 
exist between fluxes and chirality. We argue that by introducing too many kinds of fluxes 
in a compactification one could be reducing the possibilities of obtaining chiral vacua. 

Some more technical details and discussions related to torsional (co) homology are 
relegated to the appendices. In Appendix A we give a geometric method by which one can 
compute the torsional homology of a twisted torus. This method is different from the one 
employed in Section || and relies on the usual definition of homology groups in terms of 
singular chains. In Appendix B we present the cohomology groups of the whole class of 
twisted tori discussed in the text. 

2. D6-branes on twisted tori 

The aim of this section is to illustrate the computation of the cohomology and homology 
groups of some simple twisted tori. Instead of computing the more familiar de Rham 
cohomology groups H n (M,M), we will consider the discrete abelian groups i? n (A4,Z). 
The reason for this is simply that H n (Ai , Z) carry more topological information than 
H n (M,M). This extra information is precisely the subgroups Tor H n (A4, Z), made up 
from torsion elements of -£f n (A4, Z), 3 that we want to analyze. 

In order to see how the dictionary of table |l| arises, we need to consider type IIA 
compactified on those twisted six-tori T 6 whose type IIB duals are well-known. We can 
then compute the cohomology groups H n (T 6 , Z) and, given a 3-cycle II3 C T 6 , the groups 
.£f n (Ii3, Z) as well. It turns out that all of the D-brane effects that we want to describe are 
present in the pair of M = 2 duals constructed in [21] and M = 1 related orbifolds. Thus, 
we will pay special attention to this particular example. 

3 Recall that an element g of an abelian group G is said to be torsional if k ■ g vanishes for some k 6 Z. 
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2.1 Twisted tori cohomology 

Let us consider type IIB string theory compactified on a flat six-torus T 6 , threaded by a 
constant NSNS 3-form flux 

ds 2 = {dx 1 ) 2 + (dx 2 ) 2 + (dx 3 ) 2 + (dx 4 ) 2 + (dx 5 ) 2 + (dx 6 ) 2 

H 3 = -Mi dx 1 A dx 5 A dx 6 - M 2 dx 4 A dx 2 A dx 6 - M 3 dx 4 A dx 5 A dx 3 

where < x % < 1 are periodic coordinates. Following the conventions in [22], we T-dualize 
along the three coordinates {x 1 , x 2 , x 3 } and we obtain a type IIA background with H3 = 
and transformed metric 

ds 2 = (dx 1 + Mi x 6 dx 5 ) 2 + (dx 2 + M 2 x 4 dx 6 ) 2 + (dx 3 + M 3 x 5 dx 4 ) 2 

+(dx 4 ) 2 + (dx 5 ) 2 + (dx 6 ) 2 (2.2) 

which is no longer a six-torus, but a special case of homogeneous space T 6 = G/T usu- 
ally dubbed as twisted six-torus or six-dimensional nilmanifold [23-25]. Such geometry is 
usually described by the set of 1-forms 

r] 1 = dx 1 + Mi x e dx 5 7] 4 = dx 4 

jf = dx 2 + M 2 x 4 dx e 7] 5 = dx 5 (2.3) 
v 3 = dx 3 + M 3 x 5 dx 4 rf = dx 6 

which are invariant under the T 6 transformations, like 

(x 1 , x 5 , x 6 ) ~ (x 1 + 1, x 5 , x 6 ) ~ (x 1 , x 5 + 1, x 6 ) ~ (x 1 - Mi x 5 , x 5 , x 6 + 1) (2.4) 

and which satisfy the Maurer-Cartan equations 

dr, k = -1^7,^1? (2.5) 

where uj\- are constant coefficients which define the torus twisting. Notice that in the 
twisted torus above the only non- vanishing structure constants are uj\§ = Mi, oj 2 ^ = M 2 
and u> 3 5 = M3. This is, however, not the most general case, and one can indeed consider 
type IIA backgrounds with a richer set of twistings. See, e.g., [22,26] for specific examples. 

An important point for us is that these structure constants are actually quantized [23]. 
For instance, because of the identifications (2.4) we have that 

(0,0,0) ~ (0,1,0) ~ (Mi, 1,-1) ~ (Mi, 0,0) (2.6) 

and so we need to impose Mi E Z for the above twisting to be well-defined. Alternatively, 
one can see that the Mj's need to be integers because, in the mirror picture (2.1) they 
are nothing but the quanta of NSNS flux H3. Now, the fact that the coefficients ujfj are 
integers means that (2J3) not only stands as an equation of differential p-forms with real 
coefficients, but can also be understood as a relation for p-forms with integer coefficients. 
In fact it turns out that, for the case at hand, the relations ( p.5[) allow us to compute the 
cohomology groups £T n (T 6 ,Z). 
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It ^ ± ) ^ J 


LOT 11 yl. >> tLi) 


exact forms 


non-closed, forms 


n = 1 


Z 4 






1 2 


n = 2 


Z 9 x Z^ 




Nrf G , Nr] m 


?7 13 , ?? 23 , ?7 12 


n = 3 


Z 12 x Z 4 ^ 


K 


iVr/ 456 , Nt] 536 , Nrf m 

at/ 14 25\ a 6 

Jy [rj — v) ) A rf 


„123 ^125 „124 

/ 14 25\ a 3 
(77 — T) r ) A 77 


n = 4 


^ x Wjjy 


N 


jy^4536 ^y-^4256 jy^l456 
JV (?? 14 - T? 25 ) A r/ 36 


„1234 1235 
'/ J '/ 


n = 5 


x 2^ 


j2 
N 


^23456 ^ ^13456 





Table 2: Cohomology with integer coefficients of T 6 for the particular example ( 2.10 ) discussed in 
the text. We are using the compact notation rfi = rf A if \ etc. 



According to such method, to compute .ff p (T 6 ,Z) we need to consider a basis of p- 
forms made up from wedging p times the set of invariant 1-forms (|2.3| ) , and then take linear 
combinations of these basis elements 



A p = N il ... lp r ] l ^...Mfv (2.7) 

where the coefficients N^..; are integers. Because of the relations ( |2.5[) some of these 
p-forms are non-closed, and some of them are exact. Moreover, because the structure 
constants lu^ correspond to a Lie algebra, we have that d 2 = 0, and hence we can compute 
i7 p (T 6 ,Z) as the usual quotient of closed p-forms modulo exact p-forms. In general, if 
NA p = dB p -i for some integer N and integer form -B p -i, but the same does not happen 
for rA p , r = 1, . . . , N — 1, then H P (T G , Z) will contain a Ztv torsion factor. 

Given the geometry ( |2,2j ) one can easily compute the cohomology groups i/ n (T 6 ,Z) 
by this procedure. The result for general twisting {Mi, M2, M3} is presented in Appendix 
B. Here we simply illustrate the method by looking at a specific example of twisted torus, 
which was constructed in [21] via mirror symmetry of M = 2 flux backgrounds. In this 
approach, one first considers type IIB compactified on a T 6 threaded by the background 
fluxes 

F 3 = N (dx 4 A dx 2 A dx 3 - dx 1 A dx 5 A dx 3 ) (2.8) 
H 3 = N (dx 1 A dx 5 A dx 6 - dx A A dx 2 A dx 6 ) (2.9) 

4 This algorithm has been proved to be valid for a specific class of twisted tori, known as 2-step nilman- 
ifolds, of which the T 6 considered in this paper are a particular case. For the same class of twisted tori, 
we give in Appendix |X] an intuitive connection between this method of computing H p (T n , Z) and the more 
familiar construction of the homology groups i? p (T n ,Z) via the singular chain complex. 
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where, usually, N must be taken to be an even number [27]. As before, we can T-dualize 
on the three coordinates {x 1 ,^ 2 ,^ 3 } to obtain type IIA compactified on a twisted metric 
( |2.2j ), now with the particular values 

u4 = Mi = —N u4 = M 2 = N u4 = M 3 = (2.10) 

and with the rest of the uifj vanishing. In addition, we will have the RR background flux 

F 2 = Nirj 1 A ?? 4 - r] 2 A if) (2.11) 

which simply comes from T-dualizing ( |2.8[ ). 

The cohomology groups H n (f 6 ,Z) for the example flOoD are displayed in table § 
Notice that each abelian group H n has a factor of the form Z bn , where b n is the n i/l Betti 
number familiar from de Rham cohomology. The extra piece of H n is a product of cyclic 
groups Z^Vj x . . . Ztv„, i.e., the torsion subgroup Tor H n . In the particular case at hand, all 
the integers Ni are equal to N, which is nothing but the H3 flux quantum in the mirror 
symmetric type IIB background. A more general twisting, however, will present a richer 
structure, as can be appreciated from the results of Appendix B. 

Besides T 6 , we can also consider orbifold quotients of the form T 6 /T, where T is a 
discrete symmetry group of T 6 . Naively, one would expect that the (untwisted) cohomology 
of T 6 /r is given by those p- forms in T 6 left invariant by the action of V. We have considered 
such cohomology for the twisted torus example of table || and the orbifold group T = Z 2 x Z 2 , 
where the generators of the 7L 2 actions are given by 

6 L : ( r] \i 1 \if,rf,r?,rf)^{r l \r ] \-rf,-rf,-rf,-rf) (2.12) 

5 „3 ^ (- 2 13 ) 







Tor^(Tl 2XZ2 ,Z) 


exact forms 


non-closed forms 


n = 1 










n = 2 


I? 








n = 3 


Z 6 x Z N 






^123 


n = 4 


1? x Z N 




N(r] u - t? 25 ) A r/ 36 




n = 5 











Table 3: Projected cohomology of T 6 /Z2 x Z2, where T 6 is the twisted torus of table || and the 
Z2 x Z2 orbifold action is given by (2.12), (2.13). For a general twisted geometry of the form (2.2), 
we need to substitute N by g.c.d.(Mi, M 2 , M 3 ). 

Such projected cohomology is presented in table [3|. It is indeed much simpler than 
the full T 6 cohomology and its structure is exactly the same for any T 6 considered in this 
paper. Indeed, in the case where the twisting is given by arbitrary values of Mi, M 2 and 
M3, we only need to set iV = g.c.d.(Mi, M 2l M3) (see Appendix B). 
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Finally, from the above information one 
can also compute the homology groups of T 6 , 
by using the so-called universal coefficient the- 
orem [28]. Roughly speaking, such theorem im- 
plies that 

TorF n (M,Z) ~ TovH n+1 {M,1) (2.14) 

We then obtain the homology groups presented 
in table ||. Alternatively one can use Poincare 
duality [29] 

H n {M,Z) ~ H^ mM ^ n {M, Z) (2.15) 

obtaining the same result. We also display the 
projected homology i7 n (T| z , Z), in which 
we will center our interest in the rest of this 
section. 





#r,(T 6 ,Z) 


J~f , , r 1 t-77 rj? . '// J, 1 

"V Z2 XZ2 ' / 


Tl — 1 


Z 4 v 7 2 




n = 2 


Z 9 x Z 4 


X Zat 


n = 3 


Z 12 x Z^ 


Z 6 x Ziv 


n = 4 


^ X 


z 2 


n = 5 


z 4 





Table 4: Homology groups of T 6 for the 
example (2.10) considered in the text. The 



right column contains the Z2 x Z2 invariant 
subsector of the T 6 homology. 



2.2 D6-brane spectrum 

Let us now introduce D6-branes in the present background. Each D6-brane is space-filling 
and wraps a 3-cycle II3 on T 6 . It is then clear that f/3(T 6 ,Z) classifies topologically 
inequivalent ways of wrapping such D6-branes, so we shall center in this homology group 
in the following. 

In fact, we are interested in D6-branes wrapping supersymmetric 3-cycles. For type 
IIA string theory compactified on an S'L r (3)-structure manifold M, and leading to an 
M = 1 D = 4 Minkowski vacuum, the supersymmetry conditions for a D6-brane wrapping 
a 3-cycle read [17] 

Im ° = ° (2.16) 
J c + 2na'F = v ' 

plus a choice of orientation of the 3-cycle H3. Here fi and J are the non-degenerate, globally 
well-defined 2 and 3-forms which can be obtained from the 5 , C/(3)-invariant spinor of Ad. 
In addition, J c = B + iJ and F = dA is the D6-brane field strength. Notice that for this 
kind of backgrounds supersymmetry requires J to be closed, but this need not be true 
for VI [13, 18]. Finally, in ( 2.16| ) the pull-back of the spacetime forms VL and J c into the 
D6-brane worldvolume H3 is understood. 

These supersymmetry conditions are particularly easy to implement for 3-cycles on 
T 6 , because in this case 



9. 

Jr 



n 



Im n 
I ( T i 



e A e 1 + 



T 2 



e 2 Ae 2 



2 Vim r 1 " T Imr 2 
where we have defined the complexified 1-forms e 1 as 



+ 



T 3 



Im 



e 3 A e 3 



(2.17) 



1 4 

T J] 



rf + r 2 rf 
if" + r 3 if 



(2.18) 
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and t 1 stand for complex structure parameters of the compactification, whereas Tj = 
Aj — iBj are complexified Kahler parameters. 

For simplicity, let us consider those D6-branes wrapping a 3-submanifold H3 that 
contains the T 6 origin e = {x l = 0}. The tangent space of T 6 at this point is nothing but 
the Lie algebra q = T e G, where G is the Lie group that we quotient in order to obtain 
the twisted torus T 6 . Hence, specifying a D6-brane amounts to choosing three linearly 
independent Lie algebra elements {U,tj,tk} £ 0, which we can then exponentiate in order 
to build the submanifold 1I3 (see Appendix A). Equivalently, we can choose three left- 
invariant one forms {rf , rf , rj k } since there is a one to one correspondence between those 
and the Lie algebra elements. Because J c and Q are invariant under the Z2 actions (|2.12| ) 
and (|I|), we need to require the same property to the linear subspace \)ijk = (U>tj,tk}- 
A basis of such Z2 x ^-invariant D6-branes is presented in table [|, where we have used 
the dictionary 

(l,0)i ~ h <- rf (0,l)i ~ U <- V 1 

(1, 0) 2 ~ t 2 <-» rf (0,1)2 ~ t 5 ^ rf (2.19) 
(1,0)3 ~ *3 <-» rf (0,1)3 ~ t 6 «-» rf 



n 3 


A3 


type IIB 


n 3 


^43 


type IIB 


(l,0)l X (1,0)2 X (1,0)3 


^123 


D3 


(0,l)l X (0,1)2 X (0,1)3 


^456 


D9 


(l,0)l X (0,1)2 X (0,-1)3 


^156 


D7i 


(0,l)l X (1,0)2 X (1,0)3 


^423 


D5i 


(0,-l)i X (1,0)2 x (0,1)3 


^426 


D7 2 


(l,0)i X (0,1)2 X (1,0)3 


^153 


D5 2 


(0,l)i X (0,-1)2 X (1,0)3 


^453 


D7 3 


(l,0)i X (1,0)2 x (0,1)3 


^126 


D5 2 



Table 5: Z2 x Z2 invariant 3-chains of T 6 . Together with each 3-chain liijk we display its 'dual' 



3- form i] 1 ^, in the sense of ( 2.20 ), and the corresponding type IIB D-brane obtained upon mirror 
symmetry. 

Notice that to each 3-submanifold Hijk corresponds a 'dual' left-invariant 3-form rfi k = 
rf A rf Arj k , in the sense that 



L 



Atf Ar/ k = Su'SjjfSkh' 



(2.20) 



i'j'y 



Finally, each of these D6-branes has a type IIB D-brane counterpart obtained by mirror 
symmetry, and which we also display in table Recall that, in the type IIB picture we 
are dealing with a (T 2 )i x (T 2 ) 2 x (T 2 ) 3 compactification threaded by NSNS and RR 
background fluxes. Following the usual model building conventions, we denote by D5j the 
D5-brane wrapping the i th (T 2 ) factor, whereas by D7j we mean the D7-brane transverse 
to such (T 2 ). 

Given the D6-brane spectrum of table ||, it is natural to compare it to the homology 
group .f/3(T 6 ,Z) computed in the previous subsection and, in particular, to the 7Li x TLi 
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invariant sector i/3(T^ 2xZ2 , Z). It is then easy to spot a clear mismatch between tables 
Q and ||. For instance, 63 = 6, while in principle in table |E| we have eight independent 
D6-branes. The reason for this is that some of the D6-branes on table |5| are wrapping 
3-chains II3 which are not closed, and some others are wrapping 3-cycles 1I3 which are 
torsion cycles. 

Indeed, let us consider the 3-chain 

n 456 = (0,l)i x (0,1) 2 x (0,1)3 (2.21) 



which is generated by the Lie algebra elements f) 4 56 = (^4,^5,^6)- One can see that ( jgjgjD 



is not closed because f)456 is not a subalgebra of q and then, upon exponentiation, it will 
not give a closed submanifold. Alternatively, one can see that r\ 56 is a representative of a 
torsion class in i/ 3 (T 6 ,Z). More precisely, there exist a 2-form /x such that d/i = A^r/ 456 , 
where N = g.c.d.(Mi, M2, M3) € Z (see (|2.3|)), and hence by Stoke's theorem 



M = / AV 56 = N (2.22) 

OT456 •'11456 

and so, if there is a non-trivial twisting, dTl^ 7^ 0. 

Notice that a D6-brane wrapped on ( |2.21 ) translates, upon mirror symmetry, into a 



D9-brane in the presence of a NSNS flux H3. As we know, the worldvolume theory of such 
D9-brane is inconsistent because the Bianchi identity dJ- = H3 does not have a solution, 
and this effect is usually dubbed as the Freed- Witten anomaly. In the present type IIA 
setup such anomaly appears as a D6-brane wrapping a non-closed 3-chain, which also gives 
rise to an inconsistency of the theory. It is easy to see that the same situation would apply 
to the mirror of a D7-brane with a Freed- Witten anomaly. 

The Freed- Witten anomaly in type IIA flux vacua has been analyzed before, either in 
terms of gauge invariance of the effective theory [22] or in terms of localized Bianchi iden- 
tities [30]. The present observation does not contradict those results, but rather provides 
a geometrical description of the same kind of effect. 5 Actually, in SU(3)-structure type 
IIA Minkowski vacua, D-branes wrapping non-closed chains are the only source of 'Freed- 
Witten anomaly', because H3 = 0. Hence the usual Freed- Witten anomaly of Minkowski 
type IIB vacua should translate into type IIA D-branes with a non-trivial boundary. This 
simple description of the anomaly allows to put some general constraints on the construc- 
tion of D = 4 chiral flux vacua, as we will discuss in the next section. 

The other D6-brane not contributing to 63 is the one wrapping 

nm = (l,0)i x (1,0) 2 x (1,0)3 (2.23) 

which is indeed a closed 3-cycle, since (3123 = (^1,^2,^3) is an abelian subalgebra of g. 
However, by the methods of Appendix A one can easily see that ( |2.23| ) is a torsion 3- 
cycle, so it is invisible to the de Rham homology. More precisely, [II123] is the generator 
of Tor i?3(T| 2xZ2 , Z) ~ ZjV) so winding a D6-brane N times around Hi23 is topologically 
equivalent to having no D6-branes at all. 

5 In fact, this geometrical interpretation has also been pointed out in [30] by means of localized BI. 
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Again, this topological feature matches with well-known type IIB phenomena. Indeed, 
the mirror of a D6-brane wrapping ( 2.23| ) is a D3-brane in the presence of NSNS H3 back- 



ground flux, whose charge is not Z-valued, but instead a TLm torsion class in K-theory for 
some integer M [4-6]. In the present type IIA picture, such torsion K-theory class becomes 
a homology torsion class [n 123 ] G Torif 3 (T | 2xZ2 ,Z), with M = N = g.c.d.(M ly M 2 , Af 3 ). 
This fact was already pointed out in [31], in terms of D4-branes wrapping torsion 1-cycles, 
and there it was also described how the continuous unwinding of M D4-branes into nothing 
can be understood as a domain-wall solution in the effective theory. 

We also know that a D3-brane in an ISD type IIB flux background is super symmetric. 
Hence, its mirror D6-brane should automatically satisfy the supersymmetry conditions 
(2.16). In turn, any non-trivial 3-cycle satisfying ( 2.16| ) needs also to satisfy 



n = ±voi(n 3 ) / (2.24) 



However, if [n 3 ] € Tor H^(Ai, Z), then the only way that ( 2.24j ) can be satisfied is when 



dQ, 7^ 0. That is, we need to consider a manifold with intrinsic torsion. It is quite amusing 
that two a priori different concepts, such as torsion in homology and intrinsic torsion, are 
actually related by means of D-brane supersymmetry conditions. 6 In addition, notice that 
the previous arguments show why, in geometric type IIA compactification mirror to type 
IIB flux vacua with 03-planes, both kinds of torsion are always present. 

The presence of torsional 3-cycles should also affect RR-tadpole cancellation. Intu- 
itively, if having M D6-branes on a 3-cycle n 3 is equivalent to having none of them, then 
the RR tadpole conditions in T 6 should be more relaxed than in, say, the case of T 6 . 
This statement can be made more precise by means of Poincare duality, which relates 
Tor iif 3 (.A4, Z) with Tor H 3 (Ai, Z). In the case at hand, both groups are isomorphic to Zjv 
and the generators are given by 

[n 123 ] ™ b? 456 ] (2.25) 

The absence of RR D6-brane tadpoles can be rephrased as the fact that the field 
strength F% is globally well-defined. Equivalently, we may require that [dF2\ is trivial in 
cohomology. Because [N • r/ 456 ] is trivial in if 3 (T 6 ,Z) it is clear that a RR flux such that 

dF 2 = -r (N ■ r/ 456 ) , r G Z (2.26) 



satisfies the RR tadpole conditions. An example of the above is the background flux ( 2.1 1] ) , 
with r = 2. Notice that such kind of solutions would not be allowed in the untwisted T 6 
geometry, and this is why both sets of RR tadpole conditions differ from each other. 

The relation between torsional 3-cycles and solutions of the form ( 2.26j ) can even be 



made more direct. Consider the explicit T 6 example of the previous subsection. That is, 
we compactify type IIA string theory on a T 6 given by ( |2.2| ) and ( p. 10 ). Just as in [21], 



we need to perform an orientifold quotient of such theory, obtaining 8 06-planes in the 
homology class of ( |2.23j ). We need to cancel the RR charge of such orientifold planes but, 



8 See footnote [I] for the difference between torsion and intrinsic torsion. 
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because [II123] is a 7L^ torsion class we only need to do it up to N units of D6-brane. 
Indeed, if we consider 2N a D6-branes wrapping the 3-cycle ( |2,23| ) the tadpole conditions 
amount to 

N a + r ■ N = 16, reZ (2.27) 

where in principle r can take any integer value. Then, if r > 0, there will be r ■ N 'missing' 
D6-branes on top of the 06-planes. This D6/06-brane system sources the same RR flux 
F 2 as r ■ N anti-D6-branes wrapping II123, namely 

[dF 2 ] = -rN-[ V 45 % (2.28) 



because [t? 456 ] is the Poincare dual of [II123]. 7 Hence, the RR flux F 2 in ( gig ) may be seen 



as the flux created by 2N 'missing' D6-branes on [II123], rather than a background flux 
arbitrarily chosen. 

It is often stated in the type IIA flux literature that a combination of geometric fluxes 
and a non-trivial F 2 background flux can carry D6-brane RR charge, and that in this sense 
they can contribute to RR tadpole cancellation. This kind of arguments indeed lead us to 
write down the correct RR tadpole conditions. However, from a more orthodox perspective 
one sees that the background fluxes do not carry any RR D6-brane charge. 8 Such D6-brane 
charge simply does not exist, because of the torsional 3-cycles of the compactification 
manifold M. What the F 2 flux does carry, via its kinetic energy term, is a D6-brane-like 
tension such that NSNS tadpoles can be cancelled. Indeed, if there are rN D6-branes 
'missing' in the Zjy torsion 3-cycle n3, then 

[ *F 2 A F 2 = I C 7 AdF 2 = rN I A Re Q (2.29) 

where we have used the fact that C7 — Re U A tfVol^ {4> being the lOd dilaton) is a 
generalized calibration in the sense of [31], and hence a closed 7- form. Since [dF 2 /rN] and 
[n3] are related by Poincare duality, ( 2.29j ) mimics the tension of rN D6-branes wrapped 
on some [II3] representative. 



7 This discussion can be made more precise if one includes the warp factor e A ^ of the compactification. 



Indeed, in this case the left-invariant forms (2.c) get modified to 



■q 1 = e A {dx 1 + M lX 6 dx 5 ) rj 4 = e~ A dx 4 
rj 2 = e A (dx 2 + M 2 x A dx 6 ) r/ 5 = e~ A dx 5 
T] 3 = e A (dx 3 + M 3 x 5 dx 4 ) 77 s = e~ A dx' i 



where e 2A ^ is the usual harmonic form present in the back-reacted metric of a D6-brane. Then, e.g., (2.11) 
satisfies the Bianchi identity 

dF 2 = -2N 8(J\ 12 z) dx A Adx 5 A dx 6 



where 5(ili23) is a delta source with support in (2.23). See [32] for a detailed discussion of these issues in 
the T-dual picture of t} 
8 This only applies t< 
carry D6-brane charge. 



the T-dual picture of type IIB with D5-branes and 05-planes. 

8 This only applies to Minkowski vacua. In, e.g., AdS vacua where H3 7^ the background can indeed 



- 12 - 



2.3 D6-brane cohomology 



So far we have only analyzed the torsion cohomology of the metric background M ■ Given 
a 3-cycle II3 C A4, one may also compute which is the torsion cohomology of such 3- 
cycle, and then analyze the effects of Tor n (1I3 , Z) on a D6-brane wrapping II3. We have 
performed such exercise for certain simple 3-cycles on T 6 . Namely, we have considered 
those D6-branes in table || which translate into type IIB D3 and D7-branes upon mirror 
symmetry. We present the result in table || where, rather than in terms of cohomology, the 
topology of II3 is expressed in terms of its homology groups. 



type IIB 


type IIA 


n 3 


#i(n 3 ,z) 


# 2 (n 3 ,z) 


h = b 2 


D3 


D6 


(l,0)i x (1,0) 2 x (1,0)3 


z 3 


z 3 


3 


D7i 


D61 


(l,0)l x (0,1)2 x (0,-1)3 


I? x Z Ml 


z 2 


2 


D7 2 


D6 2 


(0,-l)i x (1,0) 2 x (0,1)3 


Z 2 x Z jvfj 


z 2 


2 


D7 3 


D63 


(0,l)i X (0,-1)2 x (1,0)3 


Z 2 x Z Af 3 


z 2 


2 



Table 6: Homology groups and Betti numbers of certain special Lagrangian 3-cycles of T 6 . Each 



D6-brane depends on a different twist factor Mi in (2.2). If Mi = then 6i(D6<) = 3 



Let us illustrate the computation of the D6-brane cohomology for the particular case 
of the mirror of a D7i-brane, labeled in table |6| as D6i-brane. That is, we consider the 
3-cycle 

Ilise = (1, 0)i x (0, 1)2 x (0, -1)3 (2.30) 

which, at the origin, is transverse to the coordinates X , X . X . In order to compute the 
cohomology of ( |2.30| ), we first need define a basis of invariant 1-forms of II3. In the case at 
hand these can be simply obtained by the pull-back of the invariant 1-forms in the ambient 
space. That is, 

rj 1 i-> f 1 = dx 1 + Mxx 6 dx 5 

r/ 5 ^ £ 2 = dx 5 (2.31) 
rj 6 i-> £ 3 = — dx 6 

so that we find the Maurer-Cartan equations 

d£} = Mi f A df = 0, df = 0. (2.32) 



From the relations ( |2.32| ) it is easy to repeat the computations performed above and com- 
pute the cohomology and homology groups of this 3-cycle. Alternatively, one may deduce 
the topology of II3 by considering the Lie subalgebra rjj,-& C 5 that generates II3, and then 
compute the commutation relations of its generators t/, £&}. In both cases it is easy to 
see that (|2.30| ) has the geometry of a twisted three-torus T 3 which (see, e.g., the analysis 
in Appendix A) corresponds to the homology groups in table ^. 
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Notice that, whereas the D6o-brane in table wraps a 3-cycle with the topology of a 
T 3 , the D6j-branes, i = 1,2,3 wrap a twisted three-torus T 3 with twisting Mj. The main 
effect of the twisting is to create torsional 1-cycles on the D6-brane world volume. As we 
will argue below, these torsion 1-cycles can be seen as massive open string modes coming 
from lifted D6-brane moduli. 

3. The effect of torsion 

In this section we proceed to analyze how torsional cohomology affects D6-brane physics. 
We have already seen a simple effect in the previous section: because geometric fluxes 
change the topology of T 6 by introducing torsion, the consistency conditions and the D6- 
brane charges of the theory change. We will now focus in a different aspect of D6-branes, 
which is how geometric fluxes affect their moduli space. Pretty much like in [8], this analysis 
will lead us to observe that certain D6-branes live in a discretum. We will briefly analyze 
certain features of such D6-brane landscape. Finally, we discuss the effects that fluxes may 
have on constructing chiral vacua. 

3.1 Torsion and moduli lifting 

As stated in the introduction, a BPS D6-brane wrapping a 3-cycle 1T3 in a Calabi-Yau has 
61(113) moduli. Such result is mainly a consequence of one of McLean's theorems [1], who 
has developed the deformation theory of calibrated submanifolds. In short, McLean con- 
sidered a compact special Lagrangian submanifold U n in a Calabi-Yau n-fold and showed 
that there are some deformations of LI n that do not spoil the special Lagrangian condition. 
These deformations are in one-to-one correspondence with the harmonic 1-forms on the 
submanifold II n . 

In the supergravity limit of Calabi-Yau compactifications, the supersymmetry condi- 
tions for a D6-brane is that it wraps a special Lagrangian submanifold 1I3 [15]. Thus, 
McLean's theorem provides the local moduli space of geometric deformations of a BPS 
D6-brane. This space is then complexified by adding the Wilson line degrees of freedom 
(see, e.g., [2,33]). This moduli space is exact in all orders of a' perturbation theory, but 
there exist non-perturbative a' corrections generated by open string world-sheet instantons 
ending on the D6-brane, which may lift some moduli [3]. 

The special Lagrangian conditions can be written as ( |2.16| ) and so, when compactifying 
type IIA string theory on non-Kahler manifolds, the BPS conditions for D6-branes do not 
change. 9 A BPS D6-brane still needs to be special Lagrangian, although in general dS7 7^ 
and hence LT3 is no longer a calibrated submanifold in the sense of [34]. On the other 
hand, the proof of McLean's theorem does not rely on Q being closed, but rather on the 
conditions (|2.16| ) and on dJ = dim. O = 0. That is, McLean's result not only applies 
to Calabi-Yau compactifications, but also to those non-Kahler manifolds A4q which are 
symplectic and half-fiat. It turns out that both conditions are imposed on Minkowski flux 
vacua by supersymmetry. 

9 At least if we consider SU(3)-structure compactifications to Minkowski [17]. 
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Indeed, let us consider type IIA string theory compactified on a general SU(3)-structure 
manifold Mq, such that it leads toa-D = 4AA=l Minkowski vacuum, and let us take the 
limit of constant warp factor. By the results of [18], such internal manifold A4q needs to 
satisfy dJ = diva. SI = 0, and so we are left with a half- flat, symplectic manifold. Because 
McLean's result still applies, the moduli space of a BPS D6-brane will be given by a 
smooth manifold of dimension 61(113). Again, such moduli space may be partially lifted by 
a world-sheet instanton generated superpotential W ws . 

As seen in [8], as soon as we introduce background fluxes in type IIB Minkowski vacua 
the moduli space of a D7-brane changes dramatically, and all of the geometric moduli get 
generically lifted. Now, a D7-brane will usually be mapped to a D6-brane upon mirror 
symmetry. It may thus seem quite striking that, when considering type IIA flux vacua, the 
moduli space of D6-branes does not change at all. However, these facts do not necessarily 
imply any mismatch between mirror symmetric vacua, as we will now illustrate by means of 
the twisted tori considered in the previous section. An advantage of considering twisted tori 
is that the world-sheet superpotential W ws is trivial, which greatly simplifies the analysis. 

For instance, let us take the M = 2 mirror pair of vacua given by i) the type IIB 
background ( |2.8j ) and ( |2.9| ), and ii) the type IIA background ( 2,10| ) and ( 2.11| ). The type 



IIB side of the mirror pair is essentially the toroidal example analyzed in [8], Section 4. 
According to such analysis, both D7i and D72-branes in this background would have its 
geometric modulus lifted by the presence of the flux, whereas their two Wilson line moduli 
would remain unfixed. On the other hand, the moduli space of a D73-brane would remain 
untouched, i.e., it would have three complex moduli. 

The type IIA side of this setup can be obtained by looking at table || and plugging 
the corresponding twisting data ( |2.10| ). It is easy to see that the moduli spaces of mirror 
D-branes match. Because D6i and D62-branes wrap a twisted three-torus T 3 C T 6 , its 
first Betti number is b\ = 2 and hence its moduli space has complex dimension equal to 
two. On the other hand, because M3 = 0, a D63-brane wraps a T 3 C T 6 and thus it has 
three complex moduli. Finally, the D6o-brane always has a (complex) three-dimensional 
moduli space, as one would expect from the fact that it is mirror to a D3-brane. 

Since the moduli space of a D6-brane wrapping II3 is essentially given by 61(113), one 
may wonder what is the role of Tori?i(Il3,Z) in this whole story. The answer is that 
the generators of Tor ^1(113, Z) should be seen as light D6-brane modes, in the sense that 
moduli lifted by background fluxes are much lighter than the string and Kaluza-Klein scale. 

In general, the moduli of a D6-brane wrapping a special Lagrangian 3-cycle II3 can 
be represented as follows [2]. Let us consider a basis of 1-forms of II3: € // 1 (Il3,R) n 
// 1 (Il3, Z), i = 1, . . . , 61(113), and take £ l to be the harmonic representative on each coho- 
mology class. The space of Wilson lines is then parameterized by 

A m = 2nfl.e (3.1) 

where <j) % x ~ <p l x + 1 are periodic real numbers. To represent the space of geometrical 
deformations of II3 , we consider a basis of sections Xi of the normal bundle of 1I3 such that 

ix j Jc = 4-C, A?'eC (3.2) 
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where J c = B + iJ. Recall that, because A4q is symplectic and II3 is a Lagrangian 
submanifold, any 1-form a in II3 can be written as a = LxJ, where ix stands for the 
interior contraction with the normal vector X. The complex moduli of the D6-brane are 
then given by 

<l>, of • (3.3) 

where cfrj locally parameterize the geometrical deformations of 1I3 corresponding to Xj. 

Let us see how this prescription works in the T 6 example of the previous section. 
Instead of considering running over a basis of harmonic 1-forms, we will slightly generalize 
our definition and allow it to run over a basis of left-invariant 1-forms in II3. For instance, 
in the case of the D6i-brane wrapping ( |2.30| ) one would have 

i h J c = -m -e $! = ft - iT^l (3.4) 

t t2 J c = +iT 2 $ 2 = ft + iT 2 $ (3.5) 

L t3 J c = ~iT 3 ■ f => $3 = ^-^301 (3.6) 

where £2, £3 and £4 are left-invariant vectors obtained from the Lie algebra elements in 
pl9| ), and the f*'s are defined by ( fOip . Notice that £4 = £4 - M 3 x%, so (f>^ does not 



correspond to a pure translation on the x direction unless M3 = 0. We will choose this to 
be the case in order to simplify our discussion, although the results hold in general. The 
choice M3 = implies that the cohomology groups of T 6 are given by table || and, if we 
further restrict to the case —M\ = M2 = N, by those in table [2|. 

Because ^ 1 is not a closed 1-form, $1 would in principle not arise from the prescription 
( |3.3j ). On the other hand, d^ 1 is clearly related to the torsion group Tor if 1 (1I3 , Z) = Zm x 
so what we are doing is to extend Hi(Ji 3n 'L) n iTi(Il3,R) to the full #1(113, Z). The fact 
that £ is not closed will simply mean that <&! is not a massless field of our theory, although 
it can be seen as a modulus which has been lifted by a superpotential. 

Indeed, let us consider a D6-brane wrapping LT3 and with a gauge connection A. We 
then perform a continuous deformation of such D6-brane, so that it ends up wrapping IT3 
with gauge connection A'. Because the deformation is continuous, [II3] = [n' 3 ] and there is 
a 4-chain £4 such that dT,^ = H' 3 — II3. We then consider the superpotential 



W = - Jc + \ A' AJ C — / A A J c + - / A' A dA' — I A A dA) (3.7) 
2 Js 4 \Jn' 3 Jn 3 J 2 yj n > 3 J Us J 

Notice that, when II3 7^ II3, this superpotential can be written as 

W = lfjc+[ AAJ c + lf AAdA ~ \ f {F + J c f (3.8) 

where we have first defined A as a connection on 5S4, such that ^Irig = At and A|n 3 = A. 
In order to obtain the r.h.s. of ( p.8[ ), we have assumed the existence of a continuous 2-form 
F well-defined on S4 and such that it restricts to dA 1 on II3 and to dA on II3. Finally, 
we have used the fact that, in this class of type IIA vacua, dJ c = 0. Notice that the r.h.s. 
of (|3.Sj ) is nothing but the D6-brane superpotential derived in [35] for SU(3)-structure 
Minkowski vacua. 
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Let us apply the superpotential (3/7) to the case of the D6i-brane initially wrapping the 
supersymmetric cycle ( 2.30D and with A = 0. We then move on the space of deformations 
parameterized by ([0|)-(|3l|) and obtain that 



W = 



\Mi ($i) 2 



(3.9) 



where we have used the fact that M3 = and dJ c = imply M\T\ + M2T2 = (see below). 
As expected, the only massive D6-brane field is $ , its mass being proportional to the 
twisting M\. This can also be deduced from the more general formula 



which clearly shows that, when dealing with non-closed 1-forms , mass terms will in 
general arise. In order to compute the physical mass of such open string state, we need to 
normalize our fields according to the Kahler metric induced by [2] 



where * 3 is the Hodge star operation on the induced metric on H3, and which satisfies 
*3^xJ = ixl m [!]• Let us for instance consider a T 6 geometry where the complex 
structure parameters t% are pure imaginary, and we have vanishing B-field. We then obtain 



where Ri stands for the compactification size associated to x % . 

The mass M\R\/R^Rq should be seen as a 'density of twisting', in analogy with the 
type IIB case where the lifted moduli masses are proportional to the background flux 
density. In fact, mass terms of the form Rk/RiRj are typical of the closed string sector 
whenever one introduces the twistings ufj [25] . Recall that the usual approach for analyzing 
twisted tori compactifications is based on computing the scalar potentials produced in a 
Scherk-Schwarz scheme [36]. However, as pointed out in [25], for the Scherk-Schwarz 
reduction to describe the low energy degrees of freedom of the theory these masses need 
to be much smaller than the Kaluza-Klein scale I/R4. This take us to the region of large 
complex structures of the compactificatios, which is usually the regime where the closed 
string type IIA superpotentials [26, 37] match their type IIB counterparts. In this same 
regime, the open string massive modes like < I )1 are much lighter that the D6-brane Kaluza- 
Klein modes, and hence deserve a special treatment as light states of the compactification. 

In our example it is clear that such light modes are in one-to-one correspondence 
with the generators of ToriTi(n3,Z), and in general we would proceed as follows. To 
each generator [7] of Hi(H^,Z) it corresponds, by Poincare duality, a generator [# 7 ] of 
H 2 (JX3,Tj). Let us take a representative of [# 7 ] and construct a 1-form ^ 7 by the Hodge 
star operation inside If [# 7 ] is non-torsion, then £ 7 can be taken to be harmonic and 
it represents a D6-brane modulus. If, on the other hand, [# 7 ] 6 Tor .ff 2 (n 3 , Z) then £ 7 is 




(3.10) 




(3.11) 




(3.12) 
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necessarily non-closed and it will have a mass term of the form ( |3.10| ) . In the limit of large 
complex structures we would expect this massive mode to be much lighter than the KK 
D6-brane modes, along the lines of the T 6 case. 

One may be surprised that a light mode of a compactification should come from a 
torsional piece of the cohomology. This seems to contradict the usual KK reduction scheme, 
where one only cares about de Rham cohomology. However, this phenomenon is quite 
generic in Scherk-Schwarz compactifications, and it not only applies to the open string 
sector of the theory, but also to the closed string sector. Let us for instance consider the 
complexified Kahler form of T 6 

J c = iT lV u + iT 2 T] 25 + iT 3V m . (3.13) 

In the usual approach for type IIA flux vacua, one considers Xi, T 2 and T3 to be Kahler 
moduli of the compactification, and in particular those 'diagonal' moduli which are also 
present in T| 2xZ2 . Some of these moduli may be lifted by the tree-level superpotential 
W = W Q + W k , with 

Wq = [ n c Ad,J c (3.14) 

and where O c = C3 + iRe Q (see, e.g., [22] for more detailed definitions). Indeed, when 
we introduce geometric fluxes dRe Q ^ 0, and hence (3.14) becomes non-trivial. It is easy 



to see which Kahler moduli enter this superpotential. In order to make contact with our 
previous discussion, let us take the T 6 geometry (|2.2[) with M3 = 0. We then have 

dJ c = i {M X T X + M 2 T 2 ) r? 456 (3.15) 



so only this particular combination will enter in ( 3.14 ). In practice, for Minkowski vacua 
we need to impose dJ c = 0, which fixes M\T\ + M 2 T 2 = and lifts such Kahler modulus. 

In the large complex structure regime, such lifted modulus will be lighter than the KK 
scale. On the other hand, this modulus never belonged to the T 6 de Rahm cohomology. 
Indeed, from the results of Appendix B (see table |9|) one can check that b 2 (T% 2> , Zo ) = 2, 



so one of the three Kahler moduli in ( |3. 13 ) would not be such from a KK reduction 



perspective. In addition, from the discussion of Appendix A (see (|A.35| )) one sees that this 



lifted modulus corresponds to a torsional 2-cycle, which generates Tori^2(T| 2xZ2 ,Z). In 



general, the piece of the superpotential ( 3.14 ) encodes the massive degrees of freedom that 



come from torsional pieces Tor H 2 of the compactification manifold M§. In retrospective 
this is not that surprising, since ( |3.14j ) was obtained in [20] by performing mirror symmetry 
of type IIB backgrounds with NSNS flux H3 and, following the arguments in [14], the 
periods of H3 should become torsional cohomology under the mirror map. 

In this sense, our approach for open string moduli stabilization parallels the closed 
string approach. The open string case is somehow simpler, because we already know the 
unlifted moduli of a D6-brane by computing 61(113). Notice that in the effective theory such 
b\ moduli translate into adjoint matter fields, so in order to achieve semi-realistic models 
from these vacua one should consider D6-branes wrapping 3-cycles where b\ = [38]. 
However, if Toriii(n3,Z) / we may also have massive adjoint fields much lighter than 
the KK scale, and this may affect the phenomenological properties of the model. 
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3.2 Torsion and the D-brane discretum 

Let us once more consider the type IIB toroidal background with fluxes fl2.8| ) and (pH|), 
It was pointed out in [8] that this example illustrates a peculiar feature of D-branes in 
flux vacua. Both D7i and D72-branes have their geometric moduli lifted, but the vev of 
the corresponding field (i.e., the D7-brane position) is not constrained to take a single 
particular value. On the contrary, such vev can take values in discrete set of points and, 
as a result, the set of M = 1 D7i and D72-branes forms a lattice. 

Let us now see how such D-brane discretum arises in the type IIA side of the mirror 
map, by simply looking for solutions of the supersymmetry conditions ( |2.16| ). We first 
consider a D6i-brane wrapped on the 3-cycle ( 2.30| ) and intersecting the origin {x % = 0} of 



T . In principle we would consider the space of Wilson lines 

A D6l = 2vr + <p 2 x t 2 + <^ 3 ) (3.16) 

with 4> % x £ [0,1]. However, because of the D6i-brane is wrapping the T 3 ( |2.32| ), Fdq 1 = 
dAf)Q 1 ^ unless = 0. This effectively removes the would-be modulus associated to the 
parameter cf)\, in agreement with our previous results, and the moduli space of continuous 
Wilson lines is given by (4%, 4>x) e [0> I] 2 - 

On the other hand, on top of this moduli space there is a discrete set of Wilson line 
choices that one can take. Indeed, since the first homology group of this D6i-brane is 
given by i?i(T 3 , Z) = Z 2 x Z^, there are Mi inequivalent choices of discrete Wilson lines, 
in one-to-one correspondence with the group homomorphisms Za/ x — > U(l). In general, 
the torsion factors on //i(Il3,Z) will label a discretum of D6-branes, wrapping the same 
submanifold II3 but differing by the choice of discrete Wilson line. 

Similarly, one can see that the position of a D6i-brane should be fixed. Let us take 
the case M3 = and consider the space of deformations given by the translations in the 
directions {x 4 ,x 2 ,x 3 }. The pull-back of the Kahler form on the 3-cycle ( 2.30| ) is given by 



J c | D6l = iT 2 M 2( f>ie Af (3.17) 

where (p y = a; 4 |z)6i, an d T 2 = A 2 — iB 2 . Is easy to see that the real part of ( |3.17| ) can be 
compensated by the appropriate choice of 0* in (3.16), whereas the imaginary part 



J\ D6l = A 2 M 2 ^,e 2 A£ 3 (3.18) 

will only vanish for cj) y = 0. Naively this seems the only possible solution for the position 
of a D6i-brane. However, from the mirror analysis in [8] we would also expect to find 
supersymmetric 3-cycles for the positions 4> y = r/M 2 , r = 1, . . . , M 2 — 1. A more detailed 
analysis shows that there exist such 3-cycles, but that their homology class is not ( 2.3Q ) 
but rather 

[n r D6l ] = [(1, 0)i x (0, 1) 2 x (0, -1)3] + r [(1, 0)i x (1, 0) 2 x (0, 1) 2 ]. (3.19) 



One can indeed check that there is a representative of (3.19) wrapping a T 3 submanifold 



of T 6 and such that J c \n r Da = when it goes through the point x 4 = The family of 
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3-cycles ( p. 19 ) differ in homology by the torsional class [(l,0)i x (1,0)2 x (0,1)2], which 
generates a Za/ 2 cyclic subgroup of i?3(T 6 ,Z) (see table |8|). In particular, this implies 
that II j^? lies in the same homology class as ITd6i> as we would expect from the fact that 
(fry = x 4 \d6 1 is a periodic coordinate. 

This example shows that in type IIA flux vacua there may exist sets of supersymmetric 
D6-branes wrapping 3-cycles II3, r € Zjv, and which only differ in homology by an element 
of Tor H^{M.q, Z). While in principle all the representatives in such family are topologically 
different, it makes sense to group them together, since they look quite similar from the 
point of view of low energy physics. For instance, their intersection number with any other 
3-cycle II3 will be independent of r. Indeed, in general we will have 

PS] = [njj] + r [A], [A] G Tor H 3 (M 6 , Z) (3.20) 

and hence there is an integer N\ such that Aa[A] is trivial in homology. It is easy to see 
that the intersection product of [A] with any other 3-cycle n 3 vanishes, because 

[A]-[n' 3 ] = i- (iv A [A]) • [n' 3 ] = 0, (3.21) 

and hence the only non-vanishing contribution to the intersection number [II3] • [II3] comes 
from the non-torsion part [II3]. 

Now, in type IIA vacua based on intersecting D6-branes, the chiral spectrum of the 
theory comes from the intersection numbers I a b = [H a ] ■ [II&]. The above observation 
implies that, given a particular model, we can replace an M = 1 D6-brane wrapping II a 
by an Af = 1 D6-brane wrapping a 3-cycle 11^ such that [II£] = [IIJ + r ■ [A] . Since the 
intersection numbers do not change upon such replacement, nor will the chiral spectrum 
of the theory. Notice that the same observation applies to taking two different choices of 
discrete Wilson lines. Hence, the D6-brane discretum described above naturally produces 
a family of type IIA vacua with the same chiral spectrum. We would expect these facts 
to play an important role in the statistical analysis of D-brane vacua [39]. For instance, 
it would be interesting to consider a set of M = 1 D = 4 vacua where the gauge group 
and the chiral spectrum of the theory are fixed, and see how other effective field theory 
quantities, such as gauge coupling constants and Yukawa couplings, change as we move 
inside the D-brane discretum. 

3.3 Torsion versus chirality 

The appearance of a D-brane discretum is a particular case of a more general phenomenon, 
namely that by introducing background fluxes one can change the D-brane charges of a 
compactification. Such phenomenon was already encountered in Section ||, where we saw 
how geometric fluxes remove some D6-brane charges (by removing 3-cycles in T 6 with 
respect to T 6 ) and render some other charges torsional. In principle this kind of effects 
should affect the construction of type II orientifold vacua, given that the chiral spectrum of 
each vacuum directly depends on the choice of D-brane charges. In the following, we would 
like to discuss some simple consequences of this fact for the construction of semi-realistic 
chiral flux vacua. 
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Let us consider an J\f = 1 type IIB Minkowski flux compactification, based on a 
conformal Calabi-Yau metric, ISD G3 fluxes and 03-planes [40]. By construction, a D3- 
brane preserves the same supersymmetry as the background, and hence it can be used to 
build an TV = 1 gauge sector of the theory. On the other hand, we know that the K- 
theoretical charge of such D3-brane takes values in Zjv, because we can trade N D3-branes 
by closed string background [5]. 

Let us now assume that this vacuum has a type IIA mirror that can be described by an 
S*C/(3)-structure compactification Mq. The former D3-brane is now given by a D6-brane 
wrapping a supersymmetric 3-cycle A3. Because in this new vacuum H3 = 0, the fact that 
the charge of this D6-brane is Zjy-valued implies that A3 wraps a torsional 3-cycle in M§. 
That is, the mirror of the D3-brane lives in a homology class [A3] € Tor H^(A4q,Z). By the 
arguments below ( 3.2CQ is easy to see that a cohomology class [A3] which is purely torsional 
has all the intersection products vanishing. Since in this type IIA scheme chirality comes 
from intersection products of 3-cycles, one concludes that the gauge sector of this D6-brane 
is automatically non-chiral. 10 

Going back to the type IIB case, one is lead to conclude that the D3-brane sector 
of a flux compactification is a non-chiral gauge theory, and that no chiral fermions can 
be obtained from a open string sector involving a D3-brane, or even an anti-D3-brane. 
Naively, this seem to be in contradiction with some type IIB chiral flux compactifications 
based on (anti)D3-branes at orbifold singularities [6,41,42]. The contradiction is not such, 
because the chiral sector of the theory arises from fractional D3-branes, which are secretly 
D5-branes on collapsed 2-cycles. Such D5-brane charge is non-torsional, and then our 
observation does not apply. 

In this respect, a more interesting class of models is given by type IIB flux vacua 
based on magnetized D-branes [6,45]. In such compactifications, the natural object that 
would pair up with a D3-brane in order to create a D = 4 chiral fermion is a D9-brane. 
However, the same agent rendering the D3-brane charge torsional, namely the NSNS flux 
H3, creates an inconsistency on the D9-brane worldvolume, which is nothing but the Freed- 
Witten anomaly. As proposed in [6], one may consider curing such anomaly by, instead 
of considering a single D9-brane, taking a D9-anti-D9 bound state. Such D9-anti-D9 pairs 
arise naturally in orientifold vacua with 03-planes and, since the Freed- Witten anomaly of 
a D9-brane is opposite to that of an anti-D9-brane, the anomaly of the bound state would 
vanish. However, the open string sector between a D3-brane and such D9-anti-D9 bound 
state is automatically non-chiral, in agreement with our previous observation. 

That this is the case is perhaps easier to visualize in the mirror type IIA setup. There, 
the anomalous D9-brane becomes a D6-brane wrapping a non-closed 3-chain C3. The mirror 
of the anti-D9-brane wraps a different 3-chain C3 which is also non-closed. Taking the 
bound state of both D-branes amounts to glue the boundaries dC% and dC% together, and 
merge both 3-chains into a single 3-submanifold n 3 without boundaries. 11 Now, because 
n 3 is a 3-cycle its intersection product with any torsional 3-cycle automatically vanishes. 
In particular, the intersection number with the 3-cycle A3 mirror to a D3-brane is zero. 

10 Unless, of course, some other mechanism of creating D — 4 chirality is put to work. 
I would like to thank A. Uranga for suggesting this geometrical scenario. 
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While this whole discussion stems from the geometrical framework provided by type 
IIA vacua, we would expect that the above observation applies to any type IIB flux vacuum 
discussed in [40,43,44], even if it does not posses any obvious type IIA geometrical mirror. 
Hence, since bulk D3-branes cannot accommodate or create chirality in this setup, one 
should only consider fractional D3-branes [42,46] or, e.g., magnetized D7-branes in order 
to accommodate the Standard Model sector in a semi-realistic flux compactification. Notice 
that this is precisely the case in [47]. 

In fact, one is tempted to generalize the above observation and conjecture that, when- 
ever a D-brane charge is torsional in K-theory, one cannot obtain a D = A chiral fermions 
out of it. This kind of result would imply strong constraints for the construction of semi- 
realistic string theory vacua, since it would not only apply to those Minkowski vacua 
discussed in [40,43,44], but also to flux compactifications leading to AdS or de Sitter 
vacua [48] . Lately, it has been realized that the amount of background fluxes that one can 
introduce in a string theory compactification is much larger than those initially considered 
in the flux literature [49]. 12 The introduction of these fluxes is in principle quite attractive, 
because they provide new sources of moduli stabilization, as well as a non-trivial contri- 
bution to the RR tadpole cancellation conditions that relaxes the usual model building 
constraints. On the other hand, as is well known from the type IIB flux that 

contributes to a D-brane tadpole may render the corresponding D-brane charge torsional 
in K-theory. Hence, it could well happen that, by enlarging the spectrum of background 
fluxes in a string compactification, we could be reducing our chances to obtain a realistic 
vacuum. 
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See [50] for a discussion of D-branes in some of these backgrounds. 
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A. Twisted tori homology 



Here we discuss an alternative method to compute the homology of those twisted tori 
considered in the main text. Recall that in Section ^ we computed the cohomology groups 
H*(T n , Z) via the Maurer-Cartan equation, and then used the universal coefficient theorem 
to deduce _H*(T n , Z). We now aim to directly compute ii*(T n , Z) via its standard definition 
in terms of singular chains. In this process, it will become clear why both computations 
are indeed related, at least for the subclass of twisted tori dubbed as 2-step nilmanifolds 
(see below). 

We will first illustrate our strategy by means of the twisted three-torus T 3 , and then 
turn to the more involved T 6 geometries considered in Section [2|. Our main motivation 
is to gain some geometrical intuition on how the elements of -ff*(T n ,Z) can be detected, 
rather than to provide a rigorous computation of these groups. Such formal computations 
are usually performed for the dual cohomology groups fP(T n ,Z), by means of converging 
spectral sequences. We refer the reader to the mathematical literature [24, 51-53] for a 
detailed discussion on this topic. 

A.l A simple T 3 example 

The twisted three-torus or three-dimensional nilmanifold can be constructed by first con- 
sidering the Heisenberg group The elements of this Lie group are 



the group generators t& being 



f 1 x z + T;xy ^ 
1 y 
1 



(A.l) 





(0 1 o\ 




f o\ 




/o l\ 







\ , ty — 
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, t s = 







^0 J 




\y0 J 




^o 0) 



(A.2) 



One can easily see than the only non-trivial commutator in the corresponding Lie algebra 
is given by [ij,^] = tg, and hence the only non- vanishing structure constants are given by 
1. Alternatively, one can compute the left-invariant 1-forms 

tj x = dx 

rf = dy (A.3) 
rf = dz + \{ydx — xdy) 

and, since drf = drf A drj x , deduce the same structure constant from the Maurer-Cartan 



^xy 



ysc 



g 1 dg = r)% + rfity + rft- z 



equation (2.5). 

As is stands, Ti^ is non-compact. However, one can construct a compact manifold by 
performing the left quotient T 3 = Hs/Fn, where T^v is a discrete subgroup of H.3 given 
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by 13 

' / 1 Nn x Nn z 



N 



1 Nn y 
1 



n x ,n y ,n z eZ\ (A.4) 



and where N is a fixed integer, which encodes the twisting of T 3 . In order to see this, let 
us normalize the group generators as 

t a = Ntai a = x,y,z (A. 5) 

so that e ta are generators of T. The corresponding left-invariant 1-forms read now 

rf = dx 

rf> = dy (A.6) 
rf = dz + ^N(ydx — xdy) 

and so in this basis the Maurer-Cartan equation reads if = Nrj y A rj x , describing a T 3 of 
twisting N. Indeed, in order to make contact with a metric of the form (|2.2| ) one just needs 
to perform the change of coordinates. For instance, if we define 

(a; 6 ,^ 5 ,^ 1 ) = (x,y,z + Nxy/2) (A.7) 

then we reproduce (EO) and (fO) for M x = -N. 



Let us now consider the first homology group f/i(T 3 ,Z). By means of right multipli- 
cation, any 1-cycle in T 3 can be continuously deformed so that it goes through the origin 
x = y = z = of T 3 . In addition, because 7Ti(T 3 ) = T]y, any such 1-cycle can be further 
deformed to the path 

(1 Nn x s Nn z s \ 
1 Nn y s , a € [0, 1] 
1 J 

(A.8) 

Now, the fact that ( |A.8| ) is a non-trivial element of 7Ti(T 3 ) does not mean that it is non- 
trivial in homology. As we know, Hi{Ai^'L) ~ iti(M)/[ki(M.), tti(M)] and, because 
7Ti(T 3 ) = Tat is not abelian, we have that i?i(T 3 ,Z) C 7Ti(T 3 ). In principle we could 
use this simple relation between tti(M) and Hi(M,Z) to directly compute Hi(T 3 ,Z) [21]. 
Let us however consider an alternative method, that we will later generalize to higher 
homology groups. 

In order to detect 1-cycles of 7Ti(T 3 ) which are trivial in i? 1 (T 3 ,Z) we can simply 
consider a family of 2-chains C2 C T 3 bounded by 1-cycles C\ of the form ( |A.8 ). Because 



7Ti(T 3 ) is non-abelian, such 2-chain may be closed or not. If it is not closed then its 
boundary dCi will be a linear combination of 1-cycles c a Cf , which by construction is 
trivial in homology. 



13 Such a discrete subgroup T, dubbed cocompact, may not exist for an arbitrary Lie group Q [54]. 
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For instance, let us consider the map $ 



tytx 



-> T 3 given by 
/ 1 Nt 



(A.9) 



The boundary of is 



which maps the unit square {0 < s, t < 1} to a 2-chain Cg 1 C T 3 . 
made up from the image of the four sides of the unit square under (A.9). In fact, because 
of the identifications induced by the left action of Tn on Tt^, (j?^* 1 (0, i) ~ $2 tx (l,t), and 
two of the sides are identified. The two other sides, $ 2 si:c (s,0) and ^^ tx (s,l) are not 
identified, except for the corners *^*"(0,0) ~ *^*"(0, 1) ~ *^*"(1,0) ~ ^f x (l, 1). Hence 
the boundary of has a 'figure-eight' shape, where the intersection of the two 1-cycles 
is the origin of T 3 . 

A more useful description of C% x is perhaps the following. Notice that fixed t = 
to, {$2 ,ta: (s,fo)|0 < s < 1} describes an S 1 inside T 3 . Hence locally Cf^ looks like an 
S 1 fibration over the one- dimensional base B 1 = {<S> 2 y x {0,t)\0 < t < 1} C T 3 . Now, 
$2 x (0,t) = ^^(i), and hence B\ is nothing but a closed 1-cycle inside T 3 . The initial and 
final S^s, (s,0)} and 1)} share one point but, in general, need not to glue 

into each other. Hence, topologically, C% x will be like a cylinder whose two boundaries are 
glued by a point. We have sketched such geometry in figure ||. 





t = 



Figure 1: Geometry of the 2-chain C% x . Locally, Clf looks like an S 1 fibration over an S 1 . 
Because of the two generators of the 2-chain do not commute, the 2 boundaries of the cylinder are 
not identified, and C| x has a non-trivial, figure-eight boundary. 



In fact, the description above applies to any 2-chain constructed from the map ( s > 



$\ a (s) ■ ^f(t), where a,/3 G f) 3 are such that e* a ,e*' 3 G T N , and (s,t) G R 2 . The 2-chain 
obtained from mapping the unit square by means of <3? 2 a wm again have the topology 
of a 'pinched' cylinder or, if the two boundaries are actually identified, that of a T 2 . One 
can see that the latter will occur if and only if t a and tp commute as elements of f)3. 

For instance, let us again consider the 2-chain C 2 X . One can see that it is non-closed 
because 

' - J c dr? = -u z yx = N (A.10) 



dc y 2 x 



- 25 - 



Thus, if we have a non-trivial twisting N the integral will not vanish, and hence dC^ 
cannot be trivial. Notice that ( A.lOj ) does not vanish because the two vectors tangent 



to C% x (i.e., t y and t x ) do not commute as elements of the Lie algebra t)3. This is also 
equivalent to saying that e ty and e tx do not commute as elements of the group T^. 

Let us now see which is the homotopy class of dC\ x . From ( |A.9| ) we can easily compute 
it to be the difference of two 1-cycles. Namely, 

dCf = {$\»(s)-${*(0)\se[0A]}-{*l y (s)-$\*(l)\se[0,l)} 

~ {$[ v (s)\s € [0,1]} - {^(l)- 1 • <^(s) • € [0,1]} (A.ll) 

where in the second line we have made use of the identifications under the left-action of 



the discrete subgroup ( |A.4j ) in order to express both 1-cycles in the form ( |A.8| ). We then 
only need to know the Lie algebra generators of each 1-cycle in order to characterize our 
boundary. Those are 

{^(s)}^t y (A.12) 
. $*»( s ) . $**(!)} _> e-HyJ* = ty + [t y ,t x ] =t y - Nt z (A.13) 

Hence, the figure-eight boundary dC^ is homotopic to the 1-cycle generated by Nt z . That 
is, the 1-cycle given by 

*f*'(s) = 1 3 + Nt z s, a €[0,1] (A.14) 

is homotopically equivalent to a boundary, and hence trivial in homology. 

One can now construct the 2-chains Cf z , C| x , C% z , C^ y and check that they have the 
topology of a T 2 and hence trivial boundary. On the other hand, C% y has a non-trivial 
boundary homotopically inverse to ( A.14Q . Again, the 2-chain will have a trivial 



boundary when its Lie algebra generators t a and tg commute. One can check that any 
boundary constructed by means of this class of 2-chains will be either equivalent to ( A.14| ) 



or to an integer multiple of it. We then obtain no more homologically trivial 1-cycles, and 
hence 

Fi(f 3 ,Z) = 1? x Z N (A.15) 

matching the results of [21]. 
A. 2 T 6 homology 

In principle, one can generalize the above T 3 construction to higher-dimensional twisted 
tori T n and the homology groups -fT*(T n ,Z). Before doing so, it proves useful to recall a 
couple of definitions and results from Lie group cohomology. 

Let us consider a Lie group G whose Lie algebra is q. One can always take a basis of 
left-invariant 1-forms rf and construct the space of left-invariant /c-forms by wedging them 
k times 

A k = A ll ... ikV h A... A Ty** (A. 16) 
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where A^...^, are constant real coefficients. The exterior derivative naturally acts on the 
space of left-invariant forms by means of the Maurer-Cartan equation (|2.5| ), and so we can 
define a graded complex of left-invariant forms usually dubbed as the Chevalley-Eilenberg 
complex. Because the action of the exterior derivative only depends on the structure 
constants of the Lie algebra 0, the cohomology of this complex is isomorphic to the Lie 
algebra cohomology [55]. More precisely, the k th cohomology group of 0, denoted H k (g), is 



isomorphic to the space of A;- forms (A. 16) which are closed but not exact. The interesting 
point is that, when G is semi-simple and hence compact, the Lie algebra cohomology of g 
and the de Rham cohomology of G agree, that is 

H k (g) ~ H k (M,W) (A.17) 

where A4 is just the manifold G (see, e.g., [55]). In general, this result is not true when G 
is not compact. However, Nomizu extended it to the case where M = G/Y is a nilmanifold 
[24]. That is, JQ7D also holds when M = G/T is a compact homogeneous space made up 



from quotienting a nilpotent Lie group G by a discrete subgroup V. 

A Lie group G is said to be nilpotent if its Lie algebra q is nilpotent. That is, let us 
consider q and the set of ideals defined by 

0° = and jf = [0^,0], Vi > (A.18) 

Then the algebra is said to be g-step nilpotent if q is the minimum integer for which 
Q q = 0. Given this definition, a 1-step nilpotent algebra is abelian, and a 2-step nilpotent 
algebra satisfies 

[[g,g],0] = o. (A.19) 

It has been shown in [53] that Nomizu's result can be extended to the cohomology of k- 
forms with integer coefficients, H (.M,Z), when G is a Lie group with a 2-step nilpotent 
Lie algebra and the structure constants cofj are all integers. Notice that this is indeed 
the case of the twisted tori T 6 considered in Section g, which justifies the computation of 
H*(f 6 ,Z) performed there. 

Let us now try to get more intuition on the geometry of T 6 by extending the T 3 
construction performed in the last subsection. We first need to write T 6 as the coset G/T. 
The elements of the Lie group G are 

g{{x*f l= i) = expfcatuj (A.20) 

where the Lie group generators U can be defined as the 9x9 matrices 

(h)ij = Mi8i ti 5 Si j (U)ij = M 2 S 5ti S e j + M 3 5 7yi 5 8 ,j 

(t 2 )ij = M 2 5 i:i 5 6>j (t s )ij = M 3 5 8ii 5 9ij + Mi <5 M <5 2 ,j (A.21) 

{h)ij = M 3 5 7ji 5gj (te)ij = Mi5 2 ,i5 3 j + M 2 5^i5 5 j 

that is, (|A.2q ) is a block-diagonal 9x9 matrix, made up from three 3x3 blocks of the 
form ( [A, If ). It is easy to check that the elements ( A.21| ) satisfy the Lie algebra given by 
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the structure constants ( 2.1C| ), and that this is indeed a 2-step nilpotent algebra. The 
left-invariant 1-forms are 



rf = dx 1 + ^(x 6 dx 5 - x 5 dx 6 ) rf = dx A 

rf = dx 2 + ^{x 4 dx 6 - x 6 dx A ) rf = dx 5 (A.22) 
rf = dx 3 + ^(x 5 dx* - x A dx b ) rf = dx 6 



which agree with (2.3) up to a coordinate redefinition. Finally, we compactify the nilpotent 



Lie group ( A.20D to the nilmanifold T 6 by left-quotienting by the discrete subgroup 

6 

r = 1 9 + Y^n% rf G Z. (A.23) 

i=l 

We now consider the homology groups .fffc(T 6 ,Z). The non-torsion part of iffc(T 6 ,Z) 
is easily deduced from the de Rham homology group i7/%(T 6 ,R), which can be computed 
by means of Nomizu's theorem and Poincare duality. We can then focus on the torsion 
part Tor i/fc(T 6 , Z). Following the T 3 case above, we will detect torsion p-cycles on T 6 by 
explicitly constructing (p + l)-chains with non-trivial boundary. 

The case of iii(T 6 ,Z) is indeed very similar to the T 3 case. One first defines the set 
of homotopically inequivalent paths 

$f* (s) = 1 9 + fa nH ^j s > s € [°> ^ ( A - 24 ) 

Then one can identify some of these 1-cycles as (differences of) boundaries of non-closed 
two chains C^ > which are defined as the images of the unit square under the maps 

$^ ( s , t ) = $\ a (s) ■ $5* (t) (A.25) 



where t a , tp are linear combinations of the generators ( A.21| ), with integer coefficients. 



Again, dC^ 7^ [£ a >^] 7^ an d, following the T 3 computations, we obtain 

(A.26) 



dcf* 5 


~ Mi 


cf 


dcf x " 




cf 


dCf x4 


~ M 3 


cf 



where Cf is the 1-cycle generated by etc. We thus see that, when M1M2M3 7^ the 
first homology group of T 6 is given by 

/-/i(T r \ Z) = Z 3 x Z Ml x Z Af2 x Z A/3 (A.27) 

matching the results of table 0. If, say, M3 = we instead find Hi(T 6 , Z) = Z 4 xZa^ xZAf 2 , 
in agreement with table ||. 

Let us now turn to if2(T 6 ,Z). We first consider the maps ( A.25|) such that t a and tp 



commute, so that the image of the unit square is indeed a 2-cycle in T 6 . Some of these 
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2-cycles are trivial in homology, and may give rise to torsional pieces in H 2 (T , Z) . A way 
to detect them is to consider non-closed 3-chains C^" 1 . That is, take the maps 

^ tf3h (s,t,u) = ^ (s) ■ (t) ■ ^ (u) (A.28) 



and the images of the unit cube < s,t,u < 1 under such maps. When the subspace 
f) C g generated by t a ,tp,tj does not close under the Lie bracket, there is a exact 3- form 
rf A rf A r] k whose integral over C^ 7 does not vanish, and hence <9Cg ^ 7 7^ 0. Computing 
dC^" 1 then allow us to find torsional 2-cycles in T 6 . 

.1 4 .6 

For instance, let us consider Cf x x . Because t± and £4 commute, this 3-chain is locally 
described by a T 2 fibration over an S . Much in analogy with figure |], the boundary of 
C3 is given by two T 2 's which only share one point. These two-tori are given by 

• $* 4 (t) • $1 6 (0)} ~ {^(s) ■ <S>{ 4 (t)} (A.29) 
I** 1 (a) • $* 4 (t) • $! 6 (1)} ~ {(^(l) -1 • ^(s) • • (^(l) -1 • $i 4 (t) • ^! 6 (1))} 

where < s,t < 1. The generators of each T 2 are given by {£1,^4} and 

{e-* 6 tie* 6 ,e-' 6 t 4 e* 6 } = {h + [ii, i 6 ], t 4 + [U,t 6 ]} = {t u t A -M 2 t 2 } (A.30) 

where we have used the fact that we are dealing with a 2-step nilpotent Lie algebra. 

1 2 

Subtracting both boundaries, we arrive to the conclusion that the 2-cycle given by M 2 -C 2 x 
is trivial in homology. A similar set of arguments lead us to 



Q(JX 2 X 5 X & 


~ Mi 


1 9 
(JX X 


Q(JX 3 X 6 X 5 


~ Mi 


•Cf : 


Q(JX 1 X 4 X 6 


~ M 2 


1 9 


Q(jx 3 x e 'x 4 


~ M 2 


•Cf 


Q(JX 1 X i X 5 


~ M 3 


(JX Z X X 


Q(JX 2 X 5 X 4 


~ M 3 


•Cf 



3a; 1 

2„,3 



(A.31) 



This implies that the 2-cycles 



Mij • Cf XJ , My = ff.cd. (oi , a,- ) (A.32) 

are trivial in homology, and that Cf la;2 , Cf and Cf 3x1 generate a torsional piece Zm 12 x 
Z M23 xZ i/31 in# 2 (T 6 ,Z). 

These are not, however, the only torsional 2-cycles of T 6 . Let us for instance consider 
the 3-chain C3 33 3,6 , which is the image of the unic cube under 

$l 4ht(i (s,t,u) = *5*(s) • $* 5 (t) • ^ 6 (u) (A.33) 

and which is clearly non-closed. If M3 = 0, then [£4, £5] = and C^ 4 ^ 6 looks like a T 2 
fibration over S 1 . Its boundary is then the union of two T 2 's generated by 

{t A ,t b } and {U- M 2 t 2 ,h + M 1 ti} (A.34) 

1 2 

and, because we already know that M1M2 • Cf x is trivial in homology, we are led to the 
extra trivial 2-cycle 

M 2 • Cf x ° - Mi • Cf 1x4 (A.35) 
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which generates an extra Z/vf 12 torsion piece in F 2 (T 6 ,Z). Together with flO^ ) and the 
computation of the 2 nd de Rham cohomology group, we are led to i^2(T 6 ,Z) = Z 9 x 
Z|^ 12 x 1>Mi x ^ Af 2 , which is a generalization of the result in table ||. 



On the other hand, when M1M2M3 7^ 0, the 3-chain ( A.33| ) cannot be seen as a T 2 
fibration, and its boundary has a more complicated shape than the union of two T 2 's. By 
looking at table |7|, we see that the correct answer is 

tf 2 (T 6 ,Z) = Z 8 x Z Ml2 x Z Aha x Z Mai x Z Ml23 (A.36) 

where M 123 = g.c.d.{M x , M 2 , M 3 ). Hence, <9Cf x x should generate the last factor. 

Notice that, in principle, -ffi(T 6 ,Z) and £f2(T 6 ,Z) is all that we need to compute the 
torsional homology of T 6 . Indeed, by successive application of the universal coefficient 
theorem and Poincare duality, one can see that Tor Hi(A4q, Z) and Tor H2(Mq, Z) are the 
only independent torsion pieces of any compact orientable six-manifold A4q. On the other 
hand, one can still apply the above method to explicitly compute which are those higher 
dimensional torsion /c-cycles. 

Indeed, it is now clear how we can generalize this construction to higher homology 
groups -fffc(T n ,Z), whenever the twisted torus T n is a 2-step nilmanifold. We can analyze 
#fc(T n ,Z) by means of the set of /c-chains c^"' ak , which are the images of the maps 

= ^1 (A.37) 

and which are in one-to-one correspondence with the left-invariant 1-forms 

A k = N lk ... ik if* A ... A rf* , N ik ... ik € Z (A.38) 

up to antisymmetrization. From all the above 3-chains, only those whose generators 
{t ai . . .t ak } form a subalgebra correspond to a 3-cycle. Indeed, if the linear subspace 
f) = {ta-i ■ ■ ■ ta k ) C Q is not closed under the Lie bracket, then there exists an exact /c-form 
( A.3§| ) such that its integral over is non- vanishing, and hence such fe-chain is non-closed. 



Hence we need to restrict our attention to /c-cycles generated by /c-dimensional Lie 
subalgebras or, equivalently, to non-exact left-invariant /c-forms. Those /c-forms which 
are also closed will correspond to non-trivial elements in the de Rham cohomology group 
if fc (T ra ,R) and hence will contribute to the non-torsional piece Z bfc C ^T/ c (T n ,Z). On the 
other hand, the non-closed /c-forms ( |A.38 ) correspond to the generator of the torsional 



pieces of H k (T n ,Z). 

Indeed, the exterior derivative of a non-closed /c-form is an exact (k + l)-form A^+i, 
which corresponds to a non-closed (k + l)-chain Ct+i- The boundary of such {k + l)-chain 
should be understood as a linear combination of /c-cycles of the form ( A.37| ), and this can 



be translated as a torsion piece in the homology group -fffc(T n ,Z). We have shown how 
to perform such computation for some particular cases of (k + l)-chains, namely for those 
than can locally be seen as a fibration of a /c-cycle over an S . The connection between 
the computation of the groups H*(T n , Z) and H*(T n ,Z) is particularly transparent in this 
case, because the only information that we need to know in order to compute the torsion 
factors are the integer- valued structure constants uj^-, as has been illustrated in the T 6 
example. 
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B. More twisted tori cohomology 



In the this appendix we present the cohomology and groups of those twisted tori whose 
metric is given by ([T^). The method for computing the cohomology is the one outlined 
in Section ^ but, instead of restricting to the particular example ( p.lOj ), we now consider 
arbitrary values for the integer twistings Mi, M2 and M3. More precisely, in table ^ we 
consider the case where M1M2-M3 7^ 0, i.e., none of the three twistings vanishes. In table 
|8] we consider the slightly different case M3 = 0, and so we obtain a set of cohomology 
groups which is a direct generalization of those in table ||, where in addition Mi = — M2. 
We skip the simple case M2 = M3 = 0, since then T 6 becomes T 3 x T 3 . 

Of special relevance for the discussion on this paper is the subsector of the coho- 
mology which is invariant under the Z2 x Z2 action ( 2.12| ), ( |2,13| ). We write such pro- 
jected cohomology groups by H n (T% 2xZ2 ,Z), and display them in table ^ for the case 
M1M2M3 7^ 0. Notice that there is only one independent torsion cohomology subgroup, 
given by %m 123 C # 3 (T| 2xZ2 , Z), where M123 = g.c.d.{M\, M2, M3). Is easy to see that one 
obtains the same groups when one or two of the twistings Mi vanishes, using the convention 
g.c.d.(Mi, M2, 0) = g.c.d.(M\, -M2). Let us also point out that, in orientifold compactifica- 
tions, one usually needs to take Mi to be an integer number [27], and so M123 > 0. 





F n (T 6 ,Z) 


exact forms 


non-closed forms 


n = 1 


Z 3 




1 2 3 
77 , 77 , 77° 


n = 2 


Z 8 

Za/i x Zm 2 x Za/ 3 


Mir? 56 , M 2 r/ 64 , M 3 r/ 45 


?r 12 , rr 23 , rr 31 


n = 3 


Z 12 x TLm\2z 

ZM12 x ^M 23 x ^M 3i 


M 123 ?? 456 
(Miry 25 + M 2 r/ 14 ) A r/ 6 
(M 2 r/ 36 + M 3 r/ 25 ) A r/ 4 
(M 3 r/ 14 + Mir/ 36 ) A r/ 5 


^123 

(Mir/ 25 + M 2 r/ 14 ) A r/ 3 
(M 2 r/ 36 + M 3 rr 25 ) A r/ 1 
(M 3 r/ 14 + Miry 36 ) A r/ 2 


n = 4 


Z 8 X ZjVfi23 

ZM12 x ^m 23 x Zm 3 i 


Mir/ 2536 + M 2 r/ 3614 + M 3 r/ 1425 
Mi 2 r/ 4536 , M 23 r/ 1456 , M 3 ir/ 4256 


„1234 1235 „1236 


n = 5 


Z 3 

Zmi x Za/ 2 x Zm 3 


Mir? 23456 , M 2 rr 13456 , M377 12456 





Table 7: Cohomology with integer coefficients for the twisted torus T 6 with metric ( |2.2| ) discussed 
in the text. We are using the compact notation rfi = if A r^, etc., as well as Mjj = g.c.d.(Mi, Mj) 
and M123 = g.c.d.(Mi,M 2 ,M 3 ). We are also assuming that M 1 M 2 M 3 ^ 0. 
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H n (t 6 ,Z) 


exact forms 


non-closed forms 


n = 1 


Z 4 




1 2 

r? , r? 


n = 2 


Z 9 

,=£( A/fl X #J A>fr, 
^^iVi \ iVl 2 


Mir/ 56 , M 2 r/ 64 


r/ 12 , r/ 23 , r/ 31 

/„14 „25 \ 

MiM 2 ( 2^ + n— ) 


n = 3 


Z 12 x Zm-iq 

iW 12 

ZM12 x ^M 2 X Zjvfj 


Mi 2 r/ 456 , Afir? 536 , M 2 r/ 436 
(Mir/ 25 + M 2 r/ 14 ) A r/ 6 


123 124 125 

/ J / 1 1 

(Mir/ 25 + M 2 r/ 14 ) A r/ 3 


n = 4 


Z 9 x Z Afl2 

ZM12 x ^M 2 X Zjvfi 


MiM 2 (g + g)Ar ? 36 
Mi 2 ?7 4536 , M 2 r/ 1456 , Miry 4256 


„1234 1235 „1236 
'/ j '/ > '/ 


n = 5 


Z 4 x Z Ml x Z Ma 


Mir/ 23456 , M 2 r/ 13456 





Table 8: Cohomology with integer coefficients for the twisted torus T 6 with metric (2.2), for the 
particular case M 3 = 0. 





# n (Tt 2xZ2 ,Z) 


exact forms 


non-closed forms 


n = 1 








n = 2 


Z 2 




/V 4 , , 

\ Mi M 2 ^ M 3 J 


n = 3 


Z 6 x Za/ 123 


Mi 23 7/ 456 


^123 


n = 4 


Z 2 x Zj^f 123 


Mir/ 2536 + M 2 rr 3614 + M 3 r/ 1425 




n = 5 









Table 9: Projected cohomology of T 6 /Z2 x Z2, where T 6 is the twisted torus of table [?] and the 
Z2 x Z2 orbifold action is given by (2.12|), (|2 .13). 



References 

[1] R. C. McLean, "Deformations of calibrated submanifolds," Commun. Annal. Geom. 6, 705 
(1998). 

[2] N. J. Hitchin, "The moduli space of special Lagrangian submanifolds," Annali Scuola Sup. 
Norm. Pisa Sci. Fis. Mat. 25, 503 (1997), dg-ga/9711002. 

[3] S. Kachru, S. Katz, A. E. Lawrence and J. McGreevy, "Open string instantons and 

superpotentials," Phys. Rev. D 62, 026001 (2000) hep-th/9912151. "Mirror symmetry for 
open strings," Phys. Rev. D 62, 126005 (2000) hep-th/0006047. 

M. Aganagic and C. Vafa, "Mirror symmetry, D-branes and counting holomorphic discs," 
hep-th/0012041. 

[4] A. Alekseev and V. Schomerus, "RR charges of D2-branes in the WZW model," 
hep-th/0007096. 

[5] J. M. Maldacena, G. W. Moore and N. Seiberg, "D-brane instantons and K-theory charges, 
JHEP 0111, 062 (2001), hep-th/0108100. 



- 32 - 



[6] J. F. G. Cascales and A. M. Uranga, "Chiral 4d string vacua with D-branes and NSNS and 
RR fluxes," JHEP 0305, Oil (2003), hcp-th/0303024. 

[7] C. Angelantonj, R. D'Auria, S. Ferrara and M. Trigiante, "KZ x T 2 /Z 2 orientifolds with 
fluxes, open string moduli and critical points," Phys. Lett. B 583, 331 (2004) hep-th/0312019. 
L. Gorlich, S. Kachru, P. K. Tripathy and S. P. Trivedi, "Gaugino condensation and 
nonperturbative superpotentials in flux compactifications," JHEP 0412, 074 (2004), 
hep-th/0407130. 

P. G. Camara, L. E. Ibancz and A. M. Uranga, "Flux-induced SUSY-breaking soft terms on 
D7-D3 brane systems," Nucl. Phys. B 708, 268 (2005) hcp-th/0408036. 
D. Lust, P. Mayr, S. Reffert and S. Stieberger, U F -theory flux, destabilization of orientifolds 
and soft terms on D7-branes," Nucl. Phys. B 732, 243 (2006) hep-th/0501139. 

[8] J. Gomis, F. Marchesano and D. Mateos, "An open string landscape," JHEP 0511, 021 
(2005), hcp-th/0506179. 

[9] D. S. Freed and E. Witten, "Anomalies in string theory with D-branes," hep-th/9907189. 

[10] A. Grey and L. Hervella, "The sixteen classes of almost hermitian manifolds and their linear 
invariants," Ann. Math. Pura Appl. 123, 35-58 (1980). 

S. Chiossi and S. Salamon, "The intrinsic torsion of SU(S) and G2 structures," 
math.DG/0202282. 

[11] C. M. Hull, "Superstring Compactifications With Torsion And Space-Time Super symmetry," 
Print-86-0251 (Cambridge) 

A. Stromingcr, "Superstrings With Torsion," Nucl. Phys. B 274, 253 (1986). 

[12] G. Lopes Cardoso, G. Curio, G. Dall'Agata, D. Lust, P. Manousselis and G. Zoupanos, 

"Non-Kahler string backgrounds and their five torsion classes," Nucl. Phys. B 652, 5 (2003), 
hep-th/0211118. 

J. P. Gauntlctt, D. Martclli and D. Waldram, "Superstrings with intrinsic torsion," Phys. 
Rev. D 69, 086002 (2004), hcp-th/0302158. 

[13] M. Graha, "Flux compactifications in string theory: A comprehensive review," Phys. Rcpt. 
423, 91 (2006), hcp-th/0509003. 

[14] A. Tomasiello, "Topological mirror symmetry with fluxes," JHEP 0506, 067 (2005), 
hep-th/0502148. 

[15] M. Marino, R. Minasian, G. W. Moore and A. Strominger, "Nonlinear instantons from 
supersymmetric p-branes," JHEP 0001, 005 (2000), hcp-th/9911206. 

[16] P. Koerber, "Stable D-branes, calibrations and generalized Calabi-Yau geometry" JHEP 
0508, 099 (2005), hcp-th/0506154. 

[17] L. Martucci and P. Smyth, "Supersymmetric D-branes and calibrations on general M = 1 
backgrounds," JHEP 0511, 048 (2005), hcp-th/0507099. 

[18] M. Graha, R. Minasian, M. Petrini and A. Tomasiello, "Supersymmetric backgrounds from 
generalized Calabi-Yau manifolds," JHEP 0408, 046 (2004), hcp-th/0406137. 

[19] M. Becker, K. Dasgupta, S. Katz, A. Knauf and R. Tatar, "Geometric transitions, flops and 
non-Kaehler manifolds. II," Nucl. Phys. B 738, 124 (2006) hcp-th/0511099. 

[20] S. Gurrieri, J. Louis, A. Micu and D. Waldram, "Mirror symmetry in generalized Calabi-Yau 
compactifications," Nucl. Phys. B 654, 61 (2003), hep-th/0211102. 



- 33 - 



[21] S. Kachru, M. B. Schulz, P. K. Tripathy and S. P. Trivedi, "New super -symmetric string 
compactifications," JHEP 0303, 061 (2003), hep-th/0211182. 

[22] P. G. Camara, A. Font and L. E. Ibanez, "Fluxes, moduli fixing and MSSM-like vacua in a 
simple IIA orientifold," JHEP 0509, 013 (2005), hcp-th/0506066. 

[23] A. I. Malc'ev, "On a class of homogeneous spaces," Izv. Akad. Nauk SSSR Ser. Mat. 13, 9-32 
(1949), English translation, Amcr. Math. Soc. Transl. 39 (1962). 

[24] K. Nomizu, "On the cohomology of compact homogeneous spaces of nilpotent Lie groups," 
Ann. of Math. 59, 167-189 (1954). 

[25] N. Kalopcr and R. C. Myers, "The O(dd) story of massive supergravity," JHEP 9905, 010 
(1999), hep-th/9901045. 

[26] G. Villadoro and F. Zwirner, "N = 1 effective potential from dual type-IIA D6/06 
orientifolds with general fluxes," JHEP 0506, 047 (2005), hcp-th/0503169. 

[27] A. R. Frcy and J. Polchinski, "N = 3 warped compactifications," Phys. Rev. D 65, 126009 
(2002), hcp-th/0201029. 

[28] R. Bott and L. W. Tu, "Differential forms in algebraic topology, " Graduate Texts in 
Mathematics, 82. Springer- Verlag, New York-Berlin, 1982. 

[29] J. Munkres, "Elements of algebraic topology," Addison- Wesley Publishing Company, Menlo 
Park, CA, 1984. 

[30] G. Villadoro and F. Zwirner, "D terms from D-branes, gauge invariance and moduli 
stabilization influx compactifications," JHEP 0603, 087 (2006), hep-th/0602120. 

[31] J. F. G. Cascales and A. M. Uranga, "Branes on generalized calibrated submanifolds," JHEP 
0411, 083 (2004), hcp-th/0407132. 

[32] M. B. Schulz, "Superstring orientifolds with torsion: 05 orientifolds of torus fibrations and 
their massless spectra," Fortsch. Phys. 52, 963 (2004), hep-th/0406001. 

[33] A. Strominger, S. T. Yau and E. Zaslow, "Mirror symmetry is T-duality," Nucl. Phys. B 
479, 243 (1996), hcp-th/9606040. 

[34] R. Harvey and H. B. Lawson, "Calibrated Geometries," Acta Math. 148, 47 (1982). 

[35] L. Martucci, "D-branes on general N = 1 backgrounds: Superpotentials and D-terms, " 
hep-th/0602129. 

[36] J. Scherk and J. H. Schwarz, "Spontaneous Breaking Of Supersymmetry Through 

Dimensional Reduction," Phys. Lett. B 82, 60 (1979). "How To Get Masses From Extra 
Dimensions," Nucl. Phys. B 153, 61 (1979). 

[37] S. Gukov, "Solitons, superpotentials and calibrations," Nucl. Phys. B 574, 169 (2000), 
hep-th/9911011. 

J. P. Derendinger, C. Kounnas, P. M. Petropoulos and F. Zwirner, "Superpotentials in IIA 
compactifications with general fluxes," Nucl. Phys. B 715, 211 (2005), hep-th/0411276. 
S. Kachru and A. K. Kashani-Poor, "Moduli potentials in type IIA compactifications with RR 
and NS flux," JHEP 0503, 066 (2005), hep-th/0411279. 

T. W. Grimm and J. Louis, "The effective action of type IIA Calabi-Yau orientifolds," Nucl. 
Phys. B 718, 153 (2005) hcp-th/0412277. 

I. Benmachiche and T. W. Grimm, "Generalized N = 1 orientifold compactifications and the 
Hitchin functionals, " hep-th/0602241. 



- 34 - 



[38] R. Blumcnhagen, M. Cvetic, F. Marchesano and G. Shiu, "Chiral D-brane models with frozen 
open string moduli," JHEP 0503, 050 (2005), hcp-th/0502095. 

[39] R. Blumenhagcn, F. Gmeiner, G. Honecker, D. Lust and T. Weigand, "The statistics of 

supersymmetric D-brane models," Nucl. Phys. B 713, 83 (2005), hep-th/0411173. "One in a 
billion: MSSM-like D-brane statistics," JHEP 0601, 004 (2006), hep-th/0510170. 

[40] S. B. Giddings, S. Kachru and J. Polchinski, "Hierarchies from fluxes in string 
compactifications," Phys. Rev. D 66, 106006 (2002), hcp-th/0105097. 

[41] P. G. Camara, L. E. Ibanez and A. M. Uranga, "Flux-induced SUSY-breaking soft terms," 
Nucl. Phys. B 689, 195 (2004), hep-th/0311241. 

[42] J. F. G. Cascales, M. P. Garcia del Moral, F. Quevedo and A. M. Uranga, "Realistic D-brane 
models on warped throats: Fluxes, hierarchies and moduli stabilization," JHEP 0402, 031 
(2004), hcp-th/0312051. 

[43] S. Gukov, C. Vafa and E. Wittcn, "CFTs from Calabi-Yau four-folds," Nucl. Phys. B 584, 
69 (2000), [Erratum-ibid. B 608, 477 (2001)] hep-th/9906070. 

[44] K. Dasgupta, G. Rajesh and S. Sethi, "M theory, orientifolds and G-flux," JHEP 9908, 023 
(1999), hcp-th/9908088. 

[45] R. Blumenhagen, D. Liist and T. R. Taylor, "Moduli stabilization in chiral type IIB 
orientifold models with fluxes," Nucl. Phys. B 663, 319 (2003), hep-th/0303016. 

[46] J. F. G. Cascales, F. Saad and A. M. Uranga, "Holographic dual of the standard model on the 
throat," JHEP 0511, 047 (2005), hep-th/0503079. 

[47] F. Marchesano and G. Shiu, "MSSM vacua from flux compactifications," Phys. Rev. D 71, 
011701 (2005), hep-th/0408059. F. Marchesano and G. Shiu, "Building MSSM flux vacua," 
JHEP 0411, 041 (2004), hcp-th/0409132. 

[48] S. Kachru, R. Kallosh, A. Linde and S. P. Trivcdi, "De Sitter vacua in string theory," Phys. 
Rev. D 68, 046005 (2003), hcp-th/0301240. 

[49] J. Shelton, W. Taylor and B. Wecht, "Nongeometric flux compactifications," JHEP 0510, 
085 (2005), hep-th/0508133. 

G. Aldazabal, P. G. Camara, A. Font and L. E. Ibanez, "More dual fluxes and moduli fixing," 
hep-th/0602089. 

[50] A. Lawrence, M. B. Schulz and B. Wecht, "D-branes in nongeometric backgrounds," 
hep-th/0602025. 

[51] L. A. Lambe and S. B. Priddy, "Cohomology of Nilmanifolds and Torsion-Free, Nilpotent 
Groups," Trans. Amcr. Math. Soc. 273 (1982), no. 1, 39-55. 

[52] B. Cenkl and R. Porter, "L'anneau de cohomologie entiere d'une nilvariete," C. R. Acad. Sci. 
Paris Ser. I Math. 306 (1988), no. 17, 731-733. "Cohomology of nilmanifolds," Lecture 
Notes in Math., 1318, Springer, Berlin, 1988. 

[53] B. Cenkl and R. Porter, "Nilmanifolds and associated Lie algebras over the integers, " Pacific 
J. Math. 193 (2000), no. 1, 5-29 

[54] C. M. Hull and R. A. Reid-Edwards, "Flux compactifications of string theory on twisted 
tori," hep-th/0503114. 

[55] C. Chevalley and S. Eilcnberg, "Cohomology theory of Lie groups and Lie algebras," Trans. 
Amcr. Math. Soc. 63, (1948). 85-124. 



- 35 - 



